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Capacity Per Unit Energy of Fading Channels With a
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Abstract—A discrete-time single-user scalar channel with tem-
porally correlated Rayleigh fading is analyzed. There is no side in-
formation at the transmitter or the receiver. A simple expression is
given for the capacity per unit energy, in the presence of a peak con-
straint. The simple formula of Verdu for capacity per unit cost is
adapted to a channel with memory, and is used in the proof. In ad-
dition to bounding the capacity of a channel with correlated fading,
the result gives some insight into the relationship between the cor-
relation in the fading process and the channel capacity. The results
are extended to a channel with side information, showing that the
capacity per unit energy is one nat per joule, independently of the
peak power constraint. A continuous-time version of the model is
also considered. The capacity per unit energy subject to a peak con-
straint (but no bandwidth constraint) is given by an expression sim-
ilar to that for discrete time, and is evaluated for Gauss—Markov
and Clarke fading channels.

Index Terms—Capacity per unit cost, channel capacity, corre-
lated fading, flat fading, Gauss—-Markov fading.

I. INTRODUCTION

ONSIDER communication over a stationary Gaussian

channel with Rayleigh flat fading. The channel operates
in discrete time, and there is no side information about the
channel at either the transmitter or the receiver. The broad
goal is to find or bound the capacity of such a channel. The
approach taken is to consider the capacity per unit energy.
Computation of capacity per unit energy is relatively tractable,
due to the simple formula of Verdi [1] (also see Gallager [2]).
The study of capacity per unit energy naturally leads one in the
direction of low signal-to-noise ratio (SNR), since capacity per
unit energy is typically achieved at low SNR. However, it is
known that to achieve capacity or capacity per unit energy at
low SNR, the optimal input signal becomes increasingly bursty
[3]-[5]. Moreover, such capacity per unit energy becomes
the same as for the additive Gaussian noise channel, and the
correlation function of the fading process does not enter into
the capacity. This is not wholly satisfactory, both because very
large burstiness is often not practical, and because one suspects
that the correlation function of the fading process is relevant.

Manuscript received March 19, 2004; revised March 4, 2005. This work was
supported in part by the National Science Foundation under Grant ITR-0085929
and by the Vodafone-US Foundation Graduate Fellowship. The material in this
paper was presented in part at IEEE International Symposium on Information
Theory, Yokohama, Japan, June 2003.

The authors are with the Department of Electrical and Computer Engineering
and the Coordinated Science Laboratory, University of Illinois at Urbana-Cham-
paign, Urbana, IL 61801 USA (e-mail: vsethura@uiuc.edu; b-hajek @uiuc.edu).

Communicated by A. Lapidoth, Associate Editor for Shannon Theory.

Digital Object Identifier 10.1109/TIT.2005.853329

To model the practical infeasibility of using large peak
powers, this paper investigates the effect of hard-limiting the
energy of each input symbol by some value P. A simple
expression is given for the capacity per unit energy under such
a peak constraint. The correlation of the fading process enters
into the capacity expression found.

When channel state information is available at the receiver
(coherent channel), the capacity per unit energy under a peak
constraint evaluates to one nat per joule. Continuous-time chan-
nels are also considered. An analogous peak power constraint
is imposed on the input signal. The capacity per unit energy ex-
pression is similar to that for the discrete-time channel.

An alternative approach to constraining input-signal bursti-
ness is to constrain the fourth moments, or kurtosis, of input
signals [4]-[6]. This suggests evaluating the capacity per unit
energy subject to a fourth-moment constraint on the input. We
did not pursue the approach because it is not clear how to capture
the constraint in the capacity per unit cost framework, whereas
a peak constraint simply restricts the input alphabet. Also, a
peak constraint is easy to understand, and matches well with
popular modulation schemes such as phase modulation. Since
a peak constraint | X| < /P on a random variable X implies
E[X*] < PE[X?], the bound of Médard and Gallager [4] in-
volving fourth moments yields a bound for a peak constraint, as
detailed in Appendix I.

The results offer some insight into the effect that correla-
tion in the fading process has on the channel capacity. There
has been considerable progress on computation of capacity for
fading channels (see, for example, Telatar [7], and Marzetta and
Hochwald [8]). This paper examines a channel with stationary
temporally correlated Gaussian fading. The notion of capacity
per unit energy is especially relevant for channels with low SNR.
Fading channel capacity for high SNR has recently been of in-
terest (see [9] and references therein).

The material presented in this paper is related to some of the
material in [10] and [11]. Similarities of this paper to [10] are
that both consider the low-SNR regime, both have correlated
fading, and the correlation of the fading is relevant in the lim-
iting analysis. An important difference is that [10] assumes the
receiver knows the channel. Other differences are that, here, a
peak constraint is imposed, the wideband spectral efficiency is
not considered, and the correlation is in time rather than across
antennas. Similarities of this paper with [11] are that both im-
pose a peak constraint, but in [11] only the limit of vanish-
ingly small peak constraints is considered, and correlated fading
random processes are not considered. The papers [4] and [5]
are also related. They are more general in that doubly selective
fading is considered, but they do not consider a peak constraint.
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The organization of this paper is as follows. Preliminary ma-
terial on capacity per unit time and per unit cost of fading chan-
nels with memory is presented in Section II. The formula for ca-
pacity per unit energy for Rayleigh fading is presented in Sec-
tion III. The results are applied in Section IV to two specific
fading models, namely, the Gauss—Markov fading channel, and
the Clarke fading channel. Proofs of the results are organized
into Sections V-VIII. The conclusion is in Section IX. All ca-
pacity computations are in natural units for simplicity. One nat-
ural unit, nat, is m = 1.4427 bits.

II. PRELIMINARIES

Shannon [12] initiated the study of information to cost ra-
tios. For discrete-time memoryless channels without feedback,
Verdd [1] showed that, in the presence of a unique zero-cost
symbol in the input alphabet, the capacity per unit cost is given
by maximizing a ratio of a divergence expression to the cost
function. The implications of a unique zero-cost input symbol
were studied by Gallager [2] in the context of reliability func-
tions per unit cost. In this section, the theory of capacity per
unit cost is adapted to fading channels with memory with the
cost metric being transmitted energy. Additionally, a peak con-
straint is imposed on the input alphabet.

Consider a single-user discrete-time channel without channel
state information at either transmitter or receiver. The channel
includes additive noise and multiplicative noise (flat fading),
and is specified by

Y (k) = H(k)X (k) + W(k), ke Z (1)
where X is the input sequence, H is the fading process, W is an
additive noise process, and Y is the output. The desired bounds
on the average and peak transmitted power are denoted by P,y.
and Ppeak.

An (n,M,v,P,e) code for this channel consists of M
codewords, each of block length n, such that each codeword
(Xon1, -, Xonn), m=1,..., M, satisfies the constraints

’

> Xl < v )
=1
max | X,.i|> < P 3)
1<i<n

and the average (assuming equiprobable messages) probability
of decoding the correct message is greater than or equal to 1 —e.

Two definitions of capacity per unit time for the above
channel are now considered. Their equivalence is established in
Proposition 2.1 for a certain class of channels. Capacity per unit
energy is then defined and related to the definitions of capacity
per unit time, and a version of Verdd’s formula is given.

Definition 2.1: Operational Capacity: A number R is an
e-achievable rate per unit time if for every v > 0, there ex-
ists n, sufficiently large so that if n > n,, there exists an
(n, M, nPyaye, Ppeak, €) code with logM > n(R — 7). A
nonnegative number R is an achievable rate per unit time if
it is e-achievable for 0 < € < 1. The operational capacity
Cop(Pave, Ppeax) 18 the maximum of the achievable rates per
unit time.
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Forany n € N and P > 0, let
D,(P)={z €C":|z;? < Pfor1 <i<mn}. (4
Definition 2.2: Information-Theoretic Capacity: The mutual

information-theoretic capacity is defined as follows, whenever
the indicated limit exists:

1
Cinfo(Pave7 Ppeak) = lim sup —I (X{l’ Yln) (5)

n—ocop ., N
1

where the supremum is over probability distributions Pxr on
D, (Ppeax) such that

1
~Epy, [IX715] < Pae. (©)
Similarly, Ciu¢, and C; ¢, are defined by
_ 1
Cinfo(Pave7 Ppeak) = sup sup -1 (Xina Yln) (7)

n Pxn
1

1
Clinto(Pave, Ppeax) = liminf sup —1 (X7';Y7") )
n

n—oo p .,
1

where the suprema are over probability measures Pxr on
D..(Ppeak) that satisfy (6).

For memoryless channels, results in information theory imply
the equivalence of Definitions 2.1 and 2.2. This equivalence can
be extended to channels with memory under mild conditions. In
this regard, the following definitions for mixing, weakly mixing
and ergodic processes are quoted from [13, Section 5] for ease
of reference (also see [14, p. 70]).

Let ¢i(z1,22,...,2n) (i = 1,2) be bounded measur-
able functions of an arbitrary number of complex variables
Z1,---,2n. Let M; be the operator lim;_. o, % Z; for discrete
time, and lim;_, o % fg dt for continuous time. A stationary
stochastic process z(t) (¢t € Z for discrete-time processes, and
t € R for continuous-time processes!) is said to be

1) strongly mixing (a.k.a mixing) if, for all choices of ¢1, ¢o

and times ¢y, ...¢,,t7,..., 1)

¥(t) = Elp1(2(t1), ..., 2(tn))
(2 ), (4 1]

— Blpi((t), -, (tn))]
B[t 2(8)] = Oast — o; (9)

2) weakly mixing if, for all choices of ¢1, ¢ and times
byt 5,

(10)

3) ergodic if, for all choices of ¢, ¢o and times ¢1,...t,,
...t

My[9(t)] = 0.

In general, strongly mixing implies weakly mixing, and weakly
mixing implies ergodicity. Suppose a discrete-time or contin-

(11

ITn this paper, continous-time processes are assumed to be mean-square con-
tinuous.
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uous-time random process H is a mean zero, stationary, proper
complex Gaussian process. Then, H is weakly mixing if and
only if its spectral distribution function {Fg(w) : —7 < w <
7} is continuous, or, equivalently, if and only if M;[|Rg (t)|?] =
0, where Ry is the autocorrelation function of H. Also, H is
mixing if and only if lim;—, o, Ry (t) = 0 [13, Theorem 9]. It
follows from the Riemann-Lebesgue theorem that H is mixing
if Fp is absolutely continuous. Furthermore, H is ergodic if
and only if it is weakly mixing. To see this, it suffices to show
that H is not ergodic if Fiy is not continuous. Suppose Fzr has
a discontinuity at, say, \. Let Uy = M, [H (t)e~"*]. Clearly,
U, is zero-mean proper complex Gaussian. Also, E[|Uy|?] =
Frg(A 4+ 0) — Fg(A — 0) [13, Theorem 3]. Note that |U,| is
invariant to time shifts of the process H. Since |U,| is a nonde-
generate shift-invariant function of H, it follows that H is not
an ergodic process ([14, Sec. 5.2]).

The following proposition is derived from notions sur-
rounding information stability (see [14], [15]) and the
Shannon-McMillan-Breiman theorem for finite-alphabet
ergodic sources. A simple proof is given in Section V-A.

Proposition 2.1: If H and W are stationary weakly
mixing processes, and if H,W, and X are mutually inde-
pendent, then for every Paye, Ppeak > 0, Cingo(Pave, Ppeak) 18

well defined (Cinfo(Pavm Ppcak) = Qinfo(Pavov Ppoak)) and
Cinfo(PaV67 Ppeak) = Cop(Pave7 Ppeak)~

Since ergodicity is equivalent to weakly mixing for Gaussian
processes, the above proposition then implies that the two def-
initions of capacity coincide for the channel modeled in (1) if
H and W are stationary ergodic Gaussian processes and H, W,
and X are mutually independent.

Following [1], the capacity per unit energy is defined along
the lines of the operational definition of capacity per unit time
Cop() as follows.

Definition 2.3: Given 0 < e < 1, a nonnegative number
R is an e-achievable rate per unit energy with peak constraint
Ppeax if for every v > 0, there exists v, large enough such that
if v > v,, then an (n, M, v, Ppeak, €) code can be found with
log M > v(R — 7). A nonnegative number R is an achievable
rate per unit energy if it is e-achievable for all 0 < € < 1.
Finally, the capacity C),( Ppeak ) per unit energy is the maximum
achievable rate per unit energy.

The subscript p denotes the fact that a peak constraint is im-
posed. It is clear from the definitions that, for any given 0 <
€ < 1,if R is an e-achievable rate per unit time, then R/ Piyg is
an e-achievable rate per unit energy. It follows that C)(Ppeak)
can be used to bound from above the capacity per unit time
Cop(Pave, Ppeax), for a specified peak constraint Ppe.i and av-
erage constraint P,y., as follows:

Cop(Pave-, Ppeak) S PaveCp(Ppeak)~ (12)

The following proposition and its proof are similar with minor
differences to [1, Theorem 2], given for memoryless sources.

Proposition 2.2: Suppose the two definitions of capacity per
unit time coincide (see Proposition 2.1 for sufficient conditions).
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Then capacity per unit energy for a peak constraint Pk is
given by

Cop(Pave-, Ppeak)

Cp(Ppeak) = Sup P (13)
Poyve>0 ave
= sup sup (X35 ¥7') (14)

2
noPxp B |:||X1 ||2}

where the last supremum is over probability distributions on
D..(Ppeak). Furthermore

D(py | x [Py o)

15
X2 ()

Cp(Ppeax) = lim sup
N0 XeD, (Ppeak)

The proof is given in Section V-B. For P,c.i fixed,
Cop(Pave; Ppeax) 18 a concave nondecreasing function of
P,ye. This follows from a simple time-sharing argument. It
follows that

Cop(Pave7 Ppeak)

sup —————= =

Cop(Pave7 Ppeak)
Poye>0 Pave

Pave

lim

P,ye—0 (16)

So, the supremum in (13) can be replaced by a limit.

If H and W are independent and identically distributed (i.i.d.)
random processes so that the channel is memoryless, then the
suprema over n in (14) and (15) are achieved by n = 1. Propo-
sition 2.2 then becomes a special case of Verdd’s results [1],
which apply to memoryless channels with general alphabets and
general cost functions.

Equation (15), which is analogous to [1, Theorem 2], is es-
pecially useful because it involves a supremum over D, ( Ppeak)
rather than over probability distributions on D,, (Ppeak ). This is
an important benefit of considering capacity per unit cost when
there is a zero cost input. It is noted that the natural extension
of the corollary following [1, Theorem 2] also applies here. The
proof is identical.

Corollary 2.1: Suppose the two definitions of capacity per
unit time coincide (see Proposition 2.1 for sufficient conditions).
Rate I is achievable per unit energy with peak constraint Ppeax
if and only if for every 0 < ¢ < 1 and v > 0, there exist s > 0
and v, such that if v > vg, then an (n, M, v, Pyeax, €) code can
be found with log M > v(R — ) and n < sv.

For the remainder of this paper, the fading process H is as-
sumed to be stationary and ergodic. Both H and the additive
noise W are modeled as zero mean proper complex Gaussian
processes, and without loss of generality, are normalized to have
unit variance. Further, W is assumed to be a white noise process.
The conditions of Proposition 2.1 are satisfied, and so the two
definitions of capacity per unit time are equivalent. Henceforth,
the capacity per unit time is denoted by C(Paye, Ppeak). Also,
for brevity, in the remainder of the paper, a peak power con-
straint is often denoted by P instead of P,eak.

III. MAIN RESULTS

A. Discrete-Time Channels

The main result of the paper is the following.
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Proposition 3.1: Let S(w) denote the density of the abso-
lutely continuous component of the power spectral measure of
H . The capacity per unit energy for a finite peak constraint P is
given by

I(P
C,(P)=1- % (17)
where
T dw
upy:/ log(1+ PS(w)) 5. (18)

Moreover, roughly speaking, the capacity per unit energy C,,(P)
can be asymptotically achieved using codes with the following
structure. Each codeword is ON—OFF with ON value v/P. The
vast majority of codeword symbols are OFF, with infrequent long
bursts of ON symbols. See the end of Section VI-B for a more
precise explanation.

Suppose that in the above channel model, channel side in-
formation (CSI) is available at the receiver. The fading process
is assumed to be known causally at the receiver; i.e., at time
step k, the receiver knows {H (n) : n < k}. For this channel,
an (n, M, v, P,€) code, achievable rates, and the capacity per
unit energy for peak constraint P, denoted by C;O}‘(P) are, re-
spectively, defined in a similar manner as for the same channel
without CSI.

Proposition 3.2: For P > 0,C°"(P) = 1.

There is an intuitively pleasing interpretation of Proposi-
tion 3.1. Note that C,,(P) = Cg°"(P) — $I(P). The term
%I (P) can be interpreted as the penalty for not knowing the
channel at the receiver. The integral I(P) is the information
rate between the fading channel process and the output when
the signal is deterministic and identically v/P (see Section
VI-C). When ON-OFF signaling is used with ON value /P
and long ON times, the receiver gets information about the
fading channel at rate I(P) during the ON periods, which thus
subtracts from the information that it can learn about the input.
Similar observations have been previously made in different
contexts [16], [17].

The definition of C,(P) still makes sense if P = oo, and
C,(00) is the capacity per unit energy with no peak constraint. It
is well known that C,,(c0) = 1 (see [5, p. 816], [17]-[19]). Note
that, by (17) and (18), as P — oo, Cp(P) — 1 = Cp(c0). By
their definitions, both C5°"(P) and C,, (o) are upper bounds for
Cyp(P). The bounds happen to be equal: C°*(P)=C)(c0)=1.

Another upper bound on C,,(P) is U,(P), defined by

P [T dw

vuP)=5 [ S

The fact C\,(P) < U,(P) follows easily from (17), (18), and

the inequality log(1 + z) > = — % forz > 0. Also, C,,(P) —

Up(P) as P — 0. It is shown in Appendix I that the bound

U, (P) is also obtained by applying an inequality of Médard and
Gallager [4].

19)

B. Extension to Continuous-Time Channels

The model for continuous time is the following. Let
(H(t): —00 <t < 00) be a continuous-time stationary ergodic
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proper complex Gaussian process such that E[|H(t)|?] = 1.
A codeword for the channel is a deterministic signal
X = (X(t) : 0 <t <T), where T is the duration of the
signal. The observed signal is given by

Y(t)= HOX() +W(t), 0<t<T  (20)

where W (1) is a complex proper Gaussian white noise process
with E[W (s)W(t)] = §(s—t). The mathematical interpretation
of this, because of the white noise, is that the integral process
V = (V, = [yY(s)ds : 0 < t < T) is observed [5]. The

mathematical model for the observation process is then
t
V)= / H(s)X(s)ds+n(t), 0<tLT (21)
0

where 7 is a standard proper complex Wiener process with au-
tocorrelation function E[n(s)n(t)] = min{s,t}. The process V'
takes values in the space of continuous functions on [0, T'] with
V(0) = 0.

A (T, M, v, P, ¢) code for the continuous-time channel is de-
fined analogously to an (n, M, v, P, €) code for the discrete-time
channels, with the block length n replaced by the code duration
T, and the constraints (2) and (3) replaced by

T
/ | X () Pdt < v (22)
0

sup |X(t)]? < P.
0<t<T

(23)

The codewords are required to be Borel measurable functions of
t, but otherwise, no bandwidth restriction is imposed. Achiev-
able rates and the capacity per unit energy for peak constraint
P, denoted C), (P), are defined as for the discrete-time channel.

Proposition 3.3: Let Sg(w) denote the density of the abso-
lutely continuous component of the power spectral measure of
H. Then

1P

Cp(P)=1- P 24)
where I(P) = /00 log(1 4+ PSg(w)) ;l—: (25)

The proof is given in Section VIIIL.

The following upper bound U, (P) on C,(P) is constructed
on the lines of the upper bound on the discrete-time capacity per
unit energy defined in (19):

Up(P) = /w $2(w) ;l—::

J —oo

(26)
Similarly to the discrete-time case, C,(P) — U,(P) as P — 0.

IV. ILLUSTRATIVE EXAMPLES

Using Propositions 3.1 and 3.3, the capacity per unit energy
with a peak constraint is obtained in closed form for two specific
models of the channel fading process. The channel models con-
sidered are Gauss—Markov fading and Clarke’s fading. Finally,
the capacity per unit energy with peak constraint is evaluated for
a block-fading channel with constant fading within blocks and
independent fading across blocks.
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Fig. 1. Capacity per unit energy, and upper bounds for the discrete-time channel, for p = 0.9, p = 0.999.

A. Gauss—Markov Fading

1) Discrete-Time Channel: Consider the channel modeled
in (1). Let the fading process H be Gauss—Markov with auto-
correlation function Ry (k) = pl*! for some p with 0 < p < 1.

Corollary 4.1: The capacity per unit energy for peak con-
straint P, for the Gauss—Markov fading channel, is given by

1 -
C,(P)=1— % 27)
where z is the larger root of the quadratic equation
22— (14+P+p*(1 = P))z+p>=0.
The bound U, (P) simplifies to the following:
P (1+p?
U,(P)=— 28
(=1 (154 el

For the proof of the above corollary, see Appendix II.

The upper bounds C5°"(P) and U,(P) are compared to
C,(P) as a function of peak power P in Fig. 1 for p=0.9 and
p=0.999. The figures illustrate the facts that C,, (P) — C5°"(P)
in the limit as P — oo, i.e., when the peak power constraint is
relaxed, and that C},(P) ~ U,(P) as P — 0. In Fig. 2, C,(P)
and U, (P) are plotted as functions of the p, for various values
of peak constraint P.

It is common in some applications to express the peak power
constraint as a multiple of the average power constraint. Con-
sider such a relation, where the peak-to-average ratio is con-

strained by a constant 3, so
P = BP,y,.

From (12) and (19), we get the following bounds on the channel
capacity per unit time. To get the final expressions in (30) and

(31), P is substituted by $P,,, in the expressions for C,(P)
and Uy (P) in (27) and (28).
C(ﬁpavg7 Pavg) S CIC)Oh(/BPavg) : Pavg =1- Pavg (29)
C(/BPavg7 Pavg) S Cp(ﬂpavg) ° Pavg

log(z*
= Poyg — g(ﬁ +) (30)
C(/Bpavg7 Pavg) S Up(/BPavg) : Pavg
(1 1+p? )
= <2 1= p2> Bl (3D

Here, 2z} is the larger root of the quadratic equation
22— (14 B Pavg + p*(1 = B+ Payg))z + p* = 0.

The bounds are plotted for various values of p and 3 in Figs. 3
and 4. The average power P.,, (z axis) is in log scale. All the
capacity bounds converge at low power to zero. The fourthegy
bound U, (P) tends to increase faster than C,,(P) for higher (3,
i.e., more relaxed peak-to-average ratio. Similar behavior is ob-
served when the correlation coefficient p, and hence coherence
time, are increased. Note that the case when 3 = 1 corresponds
to having only a peak power constraint, and no average power
constraint.

2) Continuous-Time Channel: Consider the channel mod-
eled in (20). As in the discrete-time case considered above,
let the fading process H be a Gauss—Markov process with au-
tocorrelation Ry (t) = pltl, where the parameter p satisfies
0 < p < 1. The power spectral density {S(w) : 0 < w < 27}

is given by
—2logp

w? + (log p)?” 42

S(w) =
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14 Uy(1)

Capacity per unit energy (nats/J)

Fig. 2.

The capacity per unit energy with peak constraint P is obtained
by using the above expression for the power spectral density in
(24) and simplifying using the following standard integral [20,
Sec. 4.22, p. 525]:

oS} a2+x2
/(; 10g<b2+—x2>dx:(a—b)7r, Cl>07 b>0

It follows that
1
Cp(P) =1- 5(V/(logp)> = 2Plog p +log p).

The upper bound U, (P) in (26) is evaluated using Parseval’s
theorem.

(33)

P

U, _—
—2logp

»(P) = (34)
In Fig. 5, the capacity per unit energy with peak constraint
C,(P) and the upper bound U,(P) are plotted and compared
as functions of peak power P for various values of p. In Fig. 6,
C,(P) and U, (P) are plotted as functions of the p, for various
values of peak constraint P.

B. Clarke’s Fading

Fast fading manifests itself as rapid variations of the received
signal envelope as the mobile receiver moves through a field
of local scatterers (in a mobile radio scenario). Clarke’s fading
process [21, Ch. 2, p. 41] is a continuous-time proper complex
Gaussian process with power spectral density given by

1 1
——, < Im
S(27rf):{”fm V1=(F/fm)?’ fl< 1 (35)
0, elsewhere

1
0.999

Capacity per unit energy as a function of p, for the discrete-time channel.

where f,, is the maximum Doppler frequency shift and is di-
rectly proportional to the vehicle speed. The model is based on
the assumption of isotropic local scattering in two dimensions.
Consider a continuous-time channel modeled in (20), with the
fading process following the Clarke’s fading model.

Corollary 4.2: For a time-selective fading process H with
the power spectral density given by (35), the capacity per unit
energy for peak constraint P is given by C,(P) = ¢g(P) —
% log g + 1 — 7, where g(P) is given by

V1— P2 (g—arctan L ), P>1
9(P) = o
VP2 -1 (Im(arctan P12_1)> , P<L

Here, Imn(2) is the imaginary part of the complex number z.

Corollary 4.2 is obtained by evaluating the integral in (25).
Note that, for this channel, the integral in (19) diverges, so that
Uy(P) = +cc.

C. Block Fading

Suppose the channel fading process H, in either discrete time
(1) or continuous time (20), is replaced by a block-fadingprocess
with the same marginal distribution, but which is constant within
each block (of length 7T") and independent across blocks.

Corollary 4.3: The capacity per unit energy with peak
constraint P of a block-fading channel (discrete-time or
continuous-time), block length 7, is given by C’f (P,T) =
1-— %. See Appendix III for the proof. Note that for P
fixed, limy o C2(P,T) = 1.



3108 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 9, SEPTEMBER 2005

10¢ ey -
i Pangp(Pavg) -

1 _ PavgCp(Pavg) -
I 1.Pavg

0-1_ e e

g

001

Q L

(2]

5 I ,
> 0.001F

Z i

©

Q

9 I

© 0.0001 |

1e-05 |

1e-06 |

1e-07

L L PR S R | L L P SR R | L L PR S
0.001 0.01 0.1 1
Average power, Py, (J/s)

Fig. 3. Capacity bounds for the discrete-time channel, 3 = 1.

10

0.1F
0.01 ¢

0.001 | e o

Capacity (nats/s)

0.0001 |
1e-05

1e-06 |

1e-07

PRI | L " " PR R SR A | L L L L PR
0.001 0.01 0.1
Average power, Py, (J/s)

Fig. 4. Capacity bounds for the discrete-time channel, 3 = 5.

The capacity per unit time of the above channel with z > 0 as follows:
peak constraint P and average power constraint P, de-
noted by Cf7T(P, P,.z), can be bounded from above using CIJ?,T (P, Pag) <

. . . Py - P (36)
Corollary 4.3, (12), and the inequality log(1+xz) > z—x*/2 for

o)
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V. PROOFS OF PROPOSITIONS IN SECTION II

In the presence of a peak-to-average ratio constraint, 3 say, the
bound on the capacity is quadratic in P,y for small values of
P,yg. Similarly, the mutual information in a Rayleigh-fading
channel (multiple-input multiple-output (MIMO) setting) is
shown in [6] to be quadratic in P,yg, as Payg — 0.

A. Proof of Proposition 2.1
It is first proved that C; ., > C,,. Given € > 0, for all large
n there exists an (1, M, nPaye, Ppeak, €) code with % log M >
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Cop — €. Letting X7 represent a random codeword, with all M
possibilities having equal probability, Fano’s inequality implies
that I(X7;Y*) > (1 — €)log M — log 2, so that

I(XT:Y7") > (1 — e)n(Cop — €) — log 2.

Therefore, C; s, > (1 — €)(Cop — €). Since € is arbitrary, the
desired conclusion C ¢, > Cqp, follows. It remains to prove the
reverse inequality.

Consider the definition of Cing. For Ppeax fixed, using
a simple time-sharing argument, it can be shown that
C_’info(Pave,Ppeak) is a concave nondecreasing function of
P,ye. Consequently, given € > 0, there existsann > 1,6 > 0,

and distribution Px on D (Ppeak) (4) such that
1 _
—I(X75Y]") 2 Cito — €
n

with E[||X7']|?] < nPaye — 26.

Since the mutual information between arbitrary random vari-
ables is the supremum of the mutual information between quan-
tized versions of the random variables [14, Sec. 2.1], there exist
vector quantizers ¢ : Dy, (Ppeax) — A and r : C* — B, where
A and B are finite sets, such that

1 1 _
EI(Q(X{L)W(YT’)) > ﬁI(X?; Y") — € > Cingo — 2e.

By enlarging A if necessary, it can be assumed that for each
a,q~'(a) is a subset of one of the energy shells

{1 € Dy(Pyeat) : Kub < a3 < (K, + 1)8}

for some integer K,. Therefore, with [ defined on A by l(a) =
sup{||z||3 : * € ¢~ (a)}, it follows that ||z||3 > I(a) — & for
all z € ¢g~(a), forall a € A. Hence,

Bll(q(XP)] < B [IX715] +6 < nPue =5, (37

Foreach a € A, let+y, be the conditional probability measure
of X" given that ¢(X7") = a. Theny = (v, : a € A) is the
transition kernel for a memoryless channel with input alphabet
A and output alphabet D,, (Ppeax ). Define a new channel 7, with
input alphabet A and output alphabet B, as the concatenation of
three channels: the memoryless channel with transition kernel
7, followed by the original fading channel, followed by the de-
terministic channel given by the quantizer r. The idea of the
remainder of the proof is that codes for channel ¥ correspond to
random codes for the original channel.

Let (X, : k € Z) consist of independent random variables
in A, each with the distribution of ¢(X7). Let (V; : k € Z) be
the corresponding output of 7 in BZ. Note that (X, Y7 ) has the
same distribution as (q(X7), r(Y7")), so that

I(X1; Y1) = I(q(X7);r(Y]")) = n(Cingo — 26).
Since the input sequence X isi.i.d. and the channel is stationary

1 A oA A A
SL(XEVF) 2 105 11) 2 (o — 2).

Letting (X k : k € Z) be the input to a discrete memoryless
channel with transition kernel v produces a process X with in-
dependent length 7 blocks, which can be arranged to form an
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i.i.d. vector process (X(’“,gl_l)n+1 : k € Z). Similarly, the pro-

cesses H and W in the fading-channel model can be arranged
into blocks to yield vector processes.

It is now shown that for any discrete-time weakly mixing
process U, the corresponding vector process obtained by ar-
ranging U into blocks of length n is also weakly mixing. For any
choice of bounded measurable functions ®; (i = 1,2) on the
vector process (U, ("}C”_l)n ke Z), there exist corresponding
functions ¢; defined on the process U. Let 1)(t) be defined on ¢;
as given in (9), and ¥(¢) be defined analogously on ®;. Clearly,
U(t) = 1(nt) and

1< .
Z Elj V(i) = - 21: ¥?(ni) (38)
1 nt
<n— zl:flp%) (39)
It follows that
M [P2(1)] < nM [y (t)] (40)
=0 (41)

where (41) follows from the weakly mixing property of U
(10). Consequently, the vector process obtained from U is also
weakly mixing. Since H and W are weakly mixing, it follows
that the corresponding vector processes are also weakly mixing.

Remark: Tt should be noted that, when an ergodic discrete-
time process is arranged in blocks to form a vector process, the
resulting vector process is not necessarily ergodic. For example,
consider the following process U. Let Uy be 0 or 1 with equal
probability. Let Uy = 1 — Uy, and Uy, = Uy, 04 2. The process
U is ergodic. However, when U is arranged into a vector process
of length n = 2 (or any other even n), the vector process is not
ergodic. In fact, there exist ergodic processes such that the de-
rived vector processes of length n are not ergodic for any n > 1.
For example, let Uy, = Ziep Vk(l) /2¢, where the processes 1740
are independent, and for each process V (9), (Vl(l)7 . I/,i(l)) is
chosen to be one of the ¢ patterns

(0...0,1),(0...0,1,0),...(1,0...0)
with probability 1/4, and Vk@ = Vk‘(lmod ;- Here, P is the set of
primes. It can be shown that U is ergodic. For any n € P and
k € N, when V(") is arranged into a vector process of length kn,
the vector process is not ergodic. Since any m € N has factors
in P, it follows that the vector process of length m obtained from

U is not ergodic either.

Arranging the output process Y of the fading channel into
a length-n vector process, it is clear that the kth element of
this process Y(]Z-Tinn +1 depends only on the kth elementsAof the
vector processes of X, H, and W. Further, the output Y} is a
function of Y(’fcn_l)n 41~ Therefore, the process
(Xk7Xécl?—1)n+17

H(k:k?l—l)n—‘,-l?W(kljcn—l)n-‘,-h)/(]zn—l)n—i-hyk 1k €1)

is a weakly mixing process. So, X and YV are jointly weakly
mixing and hence jointly ergodic.
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Thus, the following limit exists:

N 1 A A
[(X,Y) = lim I(X,Y])
and the limit satisfies T (X , }7) > n(Cinfo — 2€). Furthermore,
the asymptotic equipartition property (AEP, or Shannon-
McMillan-Brieman theorem) for finite-alphabet sources im-
plies that

=0

1 ~ ~ /A A
lim P Hzik (X{“;Ylk) iy (X;Y) > e

k—oo

(42)

where ij,(X¥; Y}¥) is the logarithm of the Radon—-Nikodym den-
sity of the distribution of (X}, Y;¥) relative to the product of its
marginal distributions.

Since X; has the same distribution as ¢(X7'), (37) implies
that E[l (X 1)] € nP.ye — 6. Thus, by the law of large numbers

lim P

k
1 A
Jim P\ > U(Xj) > nPae| =0.
j=1
Combining the facts from the preceding two paragraphs
yields that, for k sufficiently large, P[(X},Y}) € G| >
1 — ¢/2, where G}, is the following subset of AF x B*:

1 .
Gr = {E'Lk (&5 97) > n(Cinto — 36)}
1 k
N ;l(a&j) <P p. (43)

Therefore, by a variation of Feinstein’s lemma, modified to take
into account the average power constraint (see below) for suffi-
ciently large k, there exists a (k, M, €) code C 4 , for the channel
v such that log M > kn(Cino — 4€) and each codeword satis-
fies the constraint % Z§=1 l(2) < nPayve.

For any message value j with 1 < 7 < M, passing the jth
codeword a of C4 j through the channel with transition kernel
~ generates a random codeword in Dy, ( Ppeax)*, which we can
also view as a random codeword z in C"*. Since

k
el < 37 1(a5) < kP
j=1

the random codeword z satisfies the peak power constraint for
the original channel, with probability one. Also, the average
error probability for the random codeword is equal to the error
probability for the codeword a, which is at most €. Since the
best case error probability is no larger than the average, there
exists a deterministic choice of codeword z, also satisfying the
average power constraint and having error probability less than
or equal to e. Making such a selection for each codeword in C 4 1,
yields an (nk, M, nk Payve, Ppeak, €) code for the original fading
channel with log(M) > nk(Cint—4¢). Since € > 0 is arbitrary,
Cop(Pave; Ppeak) > Cinto(Pave, Ppeak), as was to be proved.
It remains to give the modification of Feinstein’s lemma used
in the proof. The lemma is stated now using the notation of [15,
Sec. 12.2]. The lemma can be used above by taking A, A,, and
a in the lemma equal to A%, A% U {1 Z§:1 UT}) < nPave}s
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and nk(Cino — 3¢€), respectively. The code to be produced is to
have symbols from a measurable subset A, of A.

Lemma 5.1 (Modified Feinstein’s Lemma): Given an integer
M and a > O there existz; € A,;j = 1,..., M and a measur-
able partition 7 = {I';;j = 1,..., M} of B such that

1/(1"]0- |z;) < Me™® 4+ Pxy({i <a} U(A4; x B)).

The Proof of Lemma 5.1 is the same as the proof given in
[15] with the set G in [15] replaced by the set G = {(z,y) :
i(z,y) > a,x € A,} and with e = Me™® 4+ Pxy(G°). The
Proof of Proposition 2.1 is complete.

B. Proof of Proposition 2.2
Proof: For brevity, let

Cop(Pave> Ppeak)
sup ———————~,
P.ve>0 Pavo

We wish to prove that Cp(Ppeak) = «. The proof that
Cp(Ppeax) > « is identical to the analogous proof of [,
Theorem 2].

To prove the converse, let ¢ > 0. By the definition
of Cp(Ppeak), for any v sufficiently large there exists an
(n, M, v, Pyeak, €) code such that log M > v(Cp(Ppeak) — €).
Let X7 be a random vector that is uniformly distributed over
the set of M codewords. By Fano’s inequality

I(XT5Y") > (1 —€)logM —log 2.

o =

Setting Paye = %
1

1 n n
acinfo(Pave7Ppeak) > ;I(X1 ;Y7 (44)
log 2
> (1= O(Cy (Ppew) = ) — 252,
45)

Using the assumption that the two definitions of capacity per
unit time are equivalent yields
0> (1= (O (Ppeat) — €) ~ 2.

Since € can be taken arbitrarily small and v can be taken
arbitrarily large, @ > C),(Ppeak ). This proves (13). Noting that
Cop(Pave; Ppeak) = Cinfo(Pave; Ppeax) by assumption, and
using Definition 2.2, it is clear that (14) follows from (13).

Consider a time-varying fading channel modeled in discrete
time as given in (1). It is useful to consider for theoretical
purposes a channel that is available for independent blocks
of duration n. The fading process is time varying within each
block. However, the fading across distinct blocks is indepen-
dent. Specifically, let H denote a fading process such that the
blocks of length n, (H(1 4 kn), ..., H(n+ kn)), indexed in
k € Z, are independent, with each having the same proba-
bility distribution as (H(1),H(2),...,H(n)). Let Cp,(P)
denote the capacity per unit energy of the channel with fading
process H.

From (13)

C,(P) =sup C, .(P).

n>1

(46)
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The proof of Proposition 2.2 is completed as follows. By its
definition, Cp,n(P) is clearly monotone nondecreasing in n,
so that sup,, C}, , = limy,_,oc Cp, »(P). Thus, the time-varying
flat-fading channel is reduced to a block-fading channel with in-
dependently fading blocks. The theory of memoryless channels
in [1] can be applied to the block-fading channel, yielding, for
n fixed

D(py | x I py |0)

Cpn(P)= sup 47)

b XeD, (P) X113
Equation (15) follows from (46) and (47), and the proof is
complete. O

VI. PROOF OF PROPOSITION 3.1

The Proof of Proposition 3.1 is organized as follows. The ca-
pacity per-unit energy is expressed in (15) as the supremum of
a scaled divergence expression. To evaluate the supremum, it is
enough to consider codes with only one vector X in the input al-
phabet, in addition to the all-zero input vector. In Section VI-A,
ON-—OFF signaling is introduced. It is shown that the supremum
is unchanged if X is restricted to be an ON-OFF signal; i.e.,
X; € {0, \/F} for each 7. In Section VI-B, the optimal choice
of input vector X is further characterized, and temporal ON—OFF
signaling is introduced. In Section VI-C, a well-known identity
for the prediction error of a stationary Gaussian process is re-
viewed and applied to conclude the proof of Proposition 3.1.

A. Reduction to ON—OFF Signaling

It is shown in this section that the supremum in (15) is un-
changed if X is restricted to satisfy X; € {0,v/P} for each
1. Equivalently, in every timeslot, the input symbol is either 0
(OFF) or /P (ON). We refer to this as ON—OFF signaling.

The conditional probability density [8] of the output n x 1
vector Y, given the input vector X, is

exp (—tr(l, + XL XT)~1yyT)
py x(Y) = ==
am. det (I, + XL XT)
where X denotes the n x n diagonal matrix with diagonal entries
given by X, and X is the covariance matrix of the random vector
(H(1),...,H(n))T. The divergence expression is simplified by
integrating out the ratio of the probability density functions

D(leX||pY|0):/leX(Y)10g <%) oy

_ / py | x(W){~tr(L,+ X2 XYy
+tr(YY ") ~logdet (I, + XX XT)} dY

=—tr(l,+ XXX ([, + X2 XT)
+tr(l,+ XX XT)~logdet (I, + XL XT)

=tr(XXX")—logdet (I, + XX XT).

Since the correlation matrix X of the fading process is normal-
ized, it has all ones on the main diagonal. Thus, tr(X©XT) =

S X so

C,(P) =

(48)

Soiy |Xi]? = logdet(I + X¥XT)
X113
logdet(I + XX XT)
XT3

lim  sup
n—oo XeD,, (P)

=1-— lim inf
n—oo XeD, (P)

(49)
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Here, (X1, ..., X,) takes values over deterministic complex
n x 1 vectors with |X;|> < P. Consider X = Rexp(j0),
where R is a nonnegative diagonal matrix, and © is diagonal
with elements ©; € [0, 2x]. Using det(I+AB) = det(I+BA)
for any A, B, we get

det(I + XX XT) = det(I + XTXY)
= det(I + R?Y).

Hence we can restrict the search for the optimal choice of the
matrix X (and hence of the input vector signal X)) to real non-
negative vectors. So

log det(I, + XX XT) = logdet(I, + X°%).

Fix an index 4 with 1 < i < n. Note that det(I,, + X2) is
linear in X?. Setting X? = u, the expression to be minimized
in (49) can be written as a function of u as

2
Flu) = log det (I, —12— X°%)

1X13

_ log(a + bu)

N ct+u
for some nonnegative a, b, and c. Since X is positive semidefi-
nite, all the eigenvalues of I,, + X2X are greater than or equal
to 1. Thus, both the numerator and the denominator of (50) are
nonnegative. The second derivative of f(u) is given by

" 2 / b2

So, f(u) has no minima and at the most one maximum in the
interval [0, P]. Since u is constrained to be chosen from the
set [0, P], f(u) (and hence the function of interest) reaches its
minimum value only when u is either O or P. This narrows down
the search for the optimal value of X2 from the interval [0, P] to
the set {0, P} forall7 € {1,...,n}. Restricting our attention to
values of X with X; € {0, P}, we get the following expression
for capacity per unit energy:

Cy(P)=1-

0<u<P (50)

log det(Z, + XTXY)
1113

inf inf
" {0,V P} valued signals
with support in {1,...,n}

. (51)

Consider the expression
logdet(7,, + XTXY)
113

Here, n is the block length, while X is the input signal vector,
with X; € {0, /P}. Having a certain block length and an input
signal vector has the same effect on the above expression as
having a greater block length and extending the input signal
vector by appending the required number of zeros. So, the ex-
pression does not depend on the block length n, as long as n is
large enough to support the input signal vector X.

Since the block length n does not play an active role in the
search for the optimal input signal, (51) becomes

CP(P) =1-

logdet(I + XTXY)
kP '

inf inf
#2110, v/ P}valued signals
with energy kP

(52)
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From here onwards, it is implicitly assumed that, for any
choice of input signal X, the corresponding block length n is
chosen large enough to accommodate X .

B. Optimality of Temporal ON-OFF Signaling

We use the conventional set notation of denoting the intersec-
tion of sets AN B by AB and A’s complement by A°€.
Consider the random process Z
Zy =VPHp + Wy, Vk (53)
In any timeslot , if the input signal for the channel (1) is VP,
then the corresponding output signal is given by (53). Other-
wise, the output signal is just the white Gaussian noise term
Wi. A {0,v/P}-valued signal X with finite energy can be ex-
pressed as X = /P14, where A is the support set of X defined
by A = {i : X; # 0}, and 14 denotes the indicator function
of A. Thus, A is the set of ON times of signal X, and | A| is the
number of ON times of X.

Definition 6.1: Given a finite subset A of Z, let

_ [ log[det( + P diag(I4)X)], if A#0
o(4) = {0, if A =0.

Further, for any two finite sets A, B C Z, define «(A4 | B) by
a(A|B) = a(AU B) — a(B).
It is easy to see that for A # ()

a(A) =h(Z; -1 € A) — |Allog(me)
where h(-) is the differential entropy of the specified random
variables. Note that the term —|A|log(me) in the definition of
« is linear in |A|. Also, (- | ) is related to the conditional dif-
ferential entropies of the random variables corresponding to the
sets involved. Specifically
a(A|B)=h(Z;:i€ AB°|Z; : j € B) — |AB°|log(me).
We are interested in characterizing the optimal signaling scheme
that would achieve the infima in (52). Since the input signal is
either v/P or 0, the expression inside the infima in (52) can be
simplified to g-(\él)l , where A is the set of indices of timeslots
where the input signal is nonzero. Thus, the expression for ca-
pacity per unit energy reduces from (52) to

a(4)

C,(P)=1-
»(P) 0<|A|<ooP P-|A|

(54)

Lemma 6.1: The functional « has the following properties.

1) a(@) =o0.

2) If C C D, then a(C) < «(D). Consequently,
0 for each A # 0.

3) Two alternating capacity property a(AU B) 4+ a(AB) <
a(A) + a(B)

4) a(B) = a(B + k) foreach k € Z.

a(4) >

3113

Proof: The first property follows from the definition.
From the definition of «(- | -), a(D) = a(DC* | C) + a(C), so
the second property is proved if a(DC*¢|C) > 0. But

a(DC|C)=h(Z;:ie DC°|Z; : j € C) — |DC*|log(me)

(2)

> h(Zi:Z'EDCC|Zj
— |DC*|log(me)

—|DC¢| - log(me) =0

.j€C,H,:jeDC)

2 h (Wine))
where Wipc.) denotes the vector composed of the random
variables {W; : ¢ € DC*}. Here, (a) follows from the fact
that conditioning reduces differential entropy, while (b) follows
from the whiteness of the Gaussian noise process W.

Since the term —|A| log(me) in the definition of « is linear in
|A|, the third property for « is equivalent to the same property
for the set function A — h(Z; : i € A). This equivalent form
of the third property is given by

WZ;:i€ AB| Z;:j€ B)< h(Zi:i€ AB°| Z;:j € AB).

But this is the well-known property that conditioning on less
information increases differential entropy. This proves the third
property. The fourth part of the proposition follows from the
stationarity of the random process H. O

The only properties of « that are used in what follows are
the properties listed in the above lemma; i.e., in what follows,
could well be substituted with another functional /3, as long as
( satisfies the properties in Lemma 6.1.

Lemma 6.2: Let A, B C Z be finite disjoint nonempty sets.
Then

a(AU B) < a(A) - a(B|A)
[AuBl =4l 7 )
a(AUB)  «aB|A) _ «a(A)
STausl T S ®Y

Proof: Trivially

a(A)+ a(B|A) _
|A[ + |B|

a(AUB)
|[AuB| -

Each individual term of the numerators and denominators in the
preceding equation is nonnegative. Note that for a,b > 0 and
c,d >0

crd e dctd d_c

a+b~ b~ a+b b~ a
Letting a = |A],b = |B],¢ = a(A),d = a(B | A), the lemma
follows. O

Let £, I be two nonempty subsets of Z with finite cardinality.
F is defined to be better than F' if
a(B) _ ofF)

|E] — |F]

Lemma 6.3: Let A C Z be nonempty with finite cardinality.

Suppose 2 < 2(9) for 411 nonempty proper subsets C' of A.

[A] IC]
Suppose B is a set of finite cardinality such that I(lfl) < O“Efl)
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So, B is better than A, and A is better than any nonempty subset
of A. Then, for any integer k
a(AUB) _ a(A)
|AU B| |A
where A = A + k, i.e., A is obtained by incrementing every
element of A by k. .

Proof: Tt suffices to prove the result for A = A, for other-
wise B can be suitably translated. Let D = BA¢ and D = BA.
The set B is better than A, and henc~e better than any subset
of A. In particular, B is better than D. B is the union of the
two disjoint sets D and D. Applying Lemma 6.2 to D and D

yields a(l‘?TID) < 2B) Gince 2B) < M, it follows that
a(D | D) < a(A)

I = 1Bl Bl = 4]
[D] = [A]

<

. The fact that D is a subset of A, and the second
property of a applied to A and D, together imply that
o(D|4) _ o(D|D) _ o(4)
Dl = DI T A
Consequently, application of Lemma 6.2 to the disjoint sets A
and D yields that CY|EAAUU1?| ) < al(rfl)’ which is equivalent to the
desired conclusion. O

Proposition 6.1: The following holds:
o a(A) — lim a({l,...,n}).
A:A finite | A]
Proof: Let € > 0. Then, there exists a finite nonempty set
A7 with
A3 A
a(43) where o* = inf @
| A% A:A finite | A
Let A* be a smallest cardinality nonempty subset of Aj satis-
fying the inequality

n—oo n

<a’ +e

oA)
(0% €.
4=

forany A C A* with A # 0.

Let S =A*. Fork>1,let Sp=A*U(A*+1)U- - -U(A*+k-1).
For k > 1, let T}, be the claim that S}, is better than A*. The
claim 77 is trivially true. For the sake of argument by induc-
tion, suppose T} is true for some £ > 1. Choose B = S}, and
A = A* 4k, and apply Lemma 6.3. This proves the claim Tiy1.
Hence, by induction, T}, is true Yk € N. So, for any &k € N,
A*U (A* + 1)U -~ U (A" + k — 1) is better than A*.
Roughly speaking, any gaps in the set Sj are removed
with k. So, for every ¢, we can find an n. so that for all
n > ne, A, = {1,...,n} satisfies

a(An)

|[Anl

Hence, the proposition is proved. O

a* <

<a*+e Vn>n,

Equation (54) and Proposition 6.1 imply that the capacity per
unit energy is given by the following limit:

Cp(P)=1- lim ol onh)

n—oo TLP
1 I, + P%
=1- lim og det(ln + "X").
n—oo nP
At this point, it may be worthwhile to comment on the struc-
ture of a signaling scheme for achieving C,,(P) for the original

(56)
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channel. The structure of codes achieving capacity per unit en-
ergy for a memoryless channel with a zero cost symbol is out-
lined in [1]. This, together with Propositions 2.2 and 6.1, show
that C,,(P) can be asymptotically achieved by codes where each
codeword W has the following structure for constants N, T, d
with N > land 1 K T K d:
» codeword length is N(T + d),
o W;e{0,V/P}forall0 <i< N(T +d),
» W, is constant over intervals of the form [k(T +d), k(T +
d)+T - 1],
» W, is zero over intervals of the form [k(T' 4+ d) + T, (k +
(T +d) —1],
e Y,WZKNT
So, the vast majority of codeword symbols are OFF, with infre-
quent long bursts of ON symbols. This is referred to as temporal
ON-OFF signaling.

C. Identifying the Limit

We shall show that (56) is equivalent to (17)—(18).

Let Z be the process defined by (53). Consider the problem
of estimating the value of Z(0) by observing the previous
n random variables {Z (k) : —n < k < 0} such that the
mean-square error is minimized. Since Z is a proper complex
Gaussian process, the minimum mean-square error estimate of
Z(0) is linear [22, Ch. IV.8, Theorem 2], and it is denoted by

Z(0] —1,...,—n). Let
00 —1rmn = BNZ(0) = Z(0] = 1,...,=n)|7]

be the mean-square error. Let D,, denote the determinant
det(I,, + PX,). Note that D,, > 1 for all n since %,,, being an
autocorrelation matrix, is positive semidefinite for all n.

Lemma 6.4: The minimum mean-square error in predicting
Z(0) from {Z(k) : —n < k < 0} is given by

2 Dn+1

g, .
0|-1,..., —n
I o D,n

Proof: The random variables Z°, ={Z(k): —n<k<0}
are jointly proper complex Gaussian and have the following ex-
pression for differential entropy:

h(22,) =log((me)" ™' Dyt1).

The differential entropy of Z(0| — 1,...,—n) is the condi-
tional entropy h(Z(0) | Z~)), which can be expressed in terms
of D41 and D,, as follows:

h(Z(0] —1,...,—n)) = h (Z(0]|ZZ})

2n(2,) - n(27)

= log((me)"*' Dyy1) —log((me)" D)

Dn+1
=1
og (7re D, )

where (a) follows from the fact that, for any two random vectors
U and V, the conditional entropy h(U | V') = h(U, V) — h(V).
Since Z(0| —1,...,—n) is alinear combination of proper com-
plex jointly Gaussian random variables, it is also proper com-
plex Gaussian. Hence, its differential entropy is given by

(57)
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The lemma follows by equating the above two expressions for
the differential entropy of Z (0| — ., 1), O

The n-step mean-square predlctlon error 00 |—1,... ,, 1s non-
increasing in n, since projecting onto a larger space can only
reduce the mean-square error. So, the prediction error of Z(0)
given (Z(—1),Z(-2),...) is the limit of the sequence of the
n-step prediction errors

(58)

lim cro |-
n—oo

It follows from Lemma 6.4 that the ratio of the determi-

nants Dl’)‘:l converges to the prediction error of Z(0) given
(Z(_1)7 Z(_2)7 e )
Dy,
lim 1 ng—h—?---'

n
1/n : Dy
The sequence Dy’ also converges, since =5 converges, and
n

it converges to the same limit as DB“
lim DY/" = 00|
n—00

Let (Fz(w) : —7m < w < m) be the spectral distribution

function of the process Z. Returning to the prediction problem,

the mean-square prediction error ag‘ 1o can be expressed

in terms of the density function of the absolutely continuous

component of the power spectral measure of the process Z [23,

Ch. XII.4, Theorem 4.3]

4 ’ dw
5| _1,—n... = €XP </ long(w)§> :

From (59), we know that the log det term in the capacity per
unit energy expression (56) converges to the log(agl _1’_2___).
Equation (60) relates the mean-square prediction error of a
wide-sense stationary process to the spectral measure of the
process. This lets us simplify the log det term into an integral
involving the power spectral density S(w) of the fading process
H. We state and prove the following lemma.

(59)

(60)

Lemma 6.5:
1
I(P) = lim —logdet(I, + P-%,).
n—oo M

Proof: Let (Fg(w), Fiw(w) : =7 < w < 7) be the spec-
tral distribution functions of the processes H and W, respec-
tively

Fz(w>

The density F’ ;{ of the absolutely continuous part of the power
spectral measure of the fading process H is given by S(w).
Since W is white Gaussian, its spectral distribution Fyy is abso-
lutely continuous with density 1. Hence, the density F/Z of the
absolutely continuous component of Fz is given by

Fy(w)=1+P-S(w). (61)
The expression for the mean square prediction error

U§|—1.—2... in (60) involves the density function F/Z Sub-
stituting the density function by the expression in (61), we get

=P- FH(w) + Fw(w).

B dw
B =en ([l Pos@)g ). @)
From (18) and (62), it follows that
00—t =", (63)
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The lemma follows from equating the expressions for

08| _1,—.. in(59) and (63). z

Let | (P) be the mutual information rate between the fading
process H and Z, when the input is identically /P, as modeled
in (53). It is interesting to note that I(P) is related to I(P) in
the following manner:

I(P) = lim —I(Z_ o Z_pyH_y.. H_,) (64)
n—>oo’]’L
1
= lim h(Z_ i D—p) = —h(W_y1...W_,). (65)
n— 00 n

The first term in (65) is the entropy rate hz of the process Z.
Following (57), (58), and (62), hz is given by

hz = log(me) + I(P). (66)

The second term in (65) is the entropy rate of the white Gaussian
process W, given by log(me). From (65) and (66), it follows that
the mutual information rate I(P) is equal to I(P).

We briefly outline an alternative way to prove Lemma 6.5 in
Appendix IV. Additional material on the limiting distribution of
eigenvalues of Toeplitz matrices can be found in [24, Sec. 8.5].
Lemma 6.5 is used to simplify the capacity expression in (56).
Using the above simplification, the capacity per unit energy is
given by

Cp(P)=1- L}?. (67)

This proves Proposition 3.1.

VII. EXTENSION TO CHANNELS WITH SIDE INFORMATION:
PROOF OF PROPOSITION 3.2

Considering CSI at the receiver as part of the output, the
channel output can be represented by

o X(k)H (k) +W(k
iy - (YOI W),

Since H and W are stationary and weakly mixing, and the pro-
cesses H, W, and X are mutually independent, it can be shown
that the above channel is stationary and ergodic. Propositions
2.1 and 2.2 can be extended to hold for the above channel. Re-
call that C5°"(P) denotes the capacity per unit energy of this
channel under a peak constraint P.

Let H denote a fading process where blocks of length
T,(H(1 + kT),...,H(T + kT)), indexed in k € Z, are
independent, and each block has the same distribution as
(H(1),H(2),...,H(T)). A channel with the above fading
process and with CSI at the receiver can be represented by

(68)

r X(L+KT)H( + kT) + W (1 +ET)
. X(T + KT)VE(T + kT) + W(T + kT
V(b= | KT D) 1(*?1(1++ k%; (T+ED) | (g0)
i H(T " kT) |
with input (X (14 kT, ..., X(T + kT')) and output Y (k). Let

C;‘l}l(P) denote the capacity per unit energy of this channel.
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Using a simple extension of (46) in Section V-B, it can be shown
that

CoM(P) = Jim Coop(P). (70)
Lemma 7.1: Foreach P > O0andT > 0
Cop(P) = 1. (71)

For a Proof of Lemma 7.1, see Appendix V. Proposition 3.2
follows from (70) and Lemma 7.1.

VIII. EXTENSION TO CONTINUOUS TIME: PROOF OF
PROPOSITION 3.3

The Proof of Proposition 3.3 is organized as follows. The ca-
pacity per unit energy with peak constraint of the given con-
tinuous-time channel is shown to be the limit of that of a dis-
crete-time channel, suitably constructed from the original con-
tinuous-time channel. A similar approach is used in [25] in the
context of direct detection photon channels. The limit is then
evaluated to complete the proof.

Recall that the observed signal (20) is given by

Y(t) = HOX(t) +W(t), 0<t<T

where X (t) is the input signal. Here, W (¢) is a complex proper
Gaussian white noise process. The fading process H (t) is a sta-
tionary proper complex Gaussian process. The observed integral
process (21) is then

Vit) = /OtH(s)X(s)ds (),  0<t<T

where 7) is a standard proper complex Wiener process with au-
tocorrelation function E[n(s)n(t)] = min{s,t}.

For an integer J > 1, a codeword X is said to be in class J
if X is constant on intervals of the form (2=, (i + 1)277]. A
codeword is said to be a finite class codeword if it is in class J
for some finite .J. Note that a class J codeword is also a class .J’
codeword for any J’ > J. Given an integer K > 1, a decoder
is said to be in class K if it makes its decisions based only on
the observations Y% = (Y% (i) : i > 0), where

YE@G) = /<:1)2 Y(t)dt = V(i +1)275) = V(i2™F).
(72)

Note that a class K coder is also a class K’ coder for any K/ >
K. Let C;'" (P) denote the capacity per unit energy with peak
constraint P when only class .J codewords and class K decoders
are permitted to be used.

Observe that, taking J = K, if a code consists of class K
codewords and if a class K decoder is used, then the communi-
cation system is equivalent to a discrete-time system. Therefore,
it is possible to identify C*( P) using Proposition 3.1.

Note that C,,(P) > C,-¥ (P) for any finite J and K , because
imposing restrictions on the codewords and decoder cannot in-
crease capacity. For the same reason, CI‘,I K (P) is nondecreasing
in J and in K. Letting J = K and taking the limit K — oo
yields

Cp(P) > lim

~ K—oo

ClE(P). (73)
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The proof is completed by showing that

Cy(P) = lim CEX(p)
and then identifying the limit on the right as the expression for
capacity per unit energy given in the proposition.

Lemma 8.1:
D(Py | x||Py o)

G(P)= Bt

sup
X eL?[0,00)

Proof: The continuous-time channel is equivalent to a dis-
crete-time abstract alphabet channel with input alphabet L?[0, 1]
and output alphabet Cj[0, 1], the space of complex-valued con-
tinuous functions on the interval [0, 1] with initial value zero. For
convenience, let 1" be a positive integer. Then, an input signal
(X(t) : 0 <t < T)is equivalent to the discrete-time signal
(Xo,...,X7p_1), where X; are functions on L2[0, 1] defined by
Xi(s) = (X(s+1):0 < s <1). Similarly, the output signal
(V(t) : 0 <t < T)is equivalent to the discrete-time signal
(Vo,...,Vr_1),where V;(s) = (V(s+i)— V(i) : 0 < s < 1).
Propositions 2.1 and 2.2 generalize to this discrete-time channel
with the same proofs, yielding the lemma. O

Lemma 8.2: The divergence D(Py | x||Py o) as a function
of X, which maps L?[0, c0) to [0, 00), is lower semicontinuous.
Proof: Let Py | x,p denote the distribution of V' given
(X, H). Let Py, | - 5 be defined similarly. Given (X, H), as
shown in (21), V' is simply given by the integral of a known
signal X H plus a standard proper complex Wiener process.
Consequently, the well-known Cameron—Martin formula for
likelihood ratios can be used to find

D(PV\X,H||Pf|5(,H) = ||XH—XH||%

The measure Py | x is obtained from Py- | x g by integrating out
H. Namely, for any Borel set A in the space of V, Py | x[A] =
Ey [Py x m[A]]. A similar relation holds for P | . Also, the
divergence measure D(||) is jointly convex in its arguments.
Therefore, by Jensen’s inequality

D(Pyv x| Py 5) < EalD(Pv x| Py 5 1)l
= By [IXH - X H]jj

(74)
(75)

T
=&1/|Xm—meHwﬁ4
JO
(76)
= |IX = X]3- (77)

The L' or variational distance between two probability mea-
sures is bounded by their divergence: namely, ||P — Q|; <

V2D(P | Q) [26, Lemma 16.3.1]. So
||PV|4\" - Pv|j(||1 < \/§||X - X“Q

In particular, Py | x as a function of X is a continuous mapping
from the space L?[0, o) to the space of measures with the L!
metric. The proof of the lemma is completed by invoking the fact
that the divergence function D(P || Q) is lower semicontinuous
in (P, Q) under the L' metric (see theorem of Gelfand, Yaglom,
and Perez [14, eq. (2.4.9)]). O

Lemma 8.3: C,(P) = limg_. C;f(’K(P)~

(78)
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Filter
S(t t) = Sampler
(t) 9x(t) B \_ . p Z(i)
V2K o (—t25) @ 2K Hz
H(t)  Wi(t)
Fig. 7. Matched filter response is sampled at rate 2% hertz.
Filter with zero mean and unit variance. The input codeword X (¢) in
Sampler T (s : : :
H(t . Hy (i the continuous time system corresponds to an input codeword
Q. oK u(—i?h) | o \_ i K( ) - Yy ' P 1Y)
@ 2K a = (ai,...,ay,) for the discrete-time system (83).
The codebook C corresponds to an (n, M, v, P27 ¢) code
Fig. 8. The filter response of the channel process H(t) is sampled (at 2  for the channel H . Thus, CPK’K(P) is the capacity per unit en-

hertz) to generate the discrete time process H k.

Proof: Proposition 2.2 applied to the discrete-time
channel that results from the use of class K codes and class K
decoders yields

CrE(P) =

wp D Boxgo)
X of class K ||X||%
Lemmas 8.1 and 8.2, and the fact that finite class signals are
dense in the space of all square integrable signals implies that

: D(Py  x||Pv o)

C(P) Klgnoox ofS];III:ss K I1X113
Let FX denote the o-algebra generated by the entire observa-
tion process (Y% (i) : i > 0), or equivalently, by (V(27%4) :
i > 0). Then F¥ isincreasing in K, and the smallest o-algebra
containing FX for all K is FV, the o-algebra generated by the
observation process V. Therefore, by a property of the diver-
gence measure (see Dobrushin’s theorem [14, eq. (2.4.6)]), for
any fixed signal

XvD(PVIX ”PV\O) ZKH_{%OD(PYK|X||PYK|0)~

Applying this observation to (80) yields
D(Py« | x || Py« o)

(79

(80)

C,(P)= lim su (81)
])( ) K—oo x of clgssK ||X||%
Combining (79) and (81) yields the lemma. O

Lemma 8.4: limg_.o C}%(P) is given by the formula for
C,(P) in Proposition 3.3.
Proof: LetCbea (T, M,v, P,¢) code for the continuous-
time channel with class K codewords. Let 7 = n2~ X for some
n € N. Fix a codeword

n—1
X(t) = V2K " au(2t — i)
=0

where u(t) = I{te[O,l]}-

An equivalent discrete-time system is constructed using a
matched filter at the output, followed by a sampler that gener-
ates 2% samples per second, as shown in Fig. 7. The matched
filter gx () is given by

gx (t) = V2Eu(—t2K). (82)
The equivalent system is
Z(i) = a; Hy (i) + W(5). (83)

Here, the discrete-time process Hy is a proper complex
Gaussian process defined as the filter response of the channel
process H(t), sampled at 2/ hertz, as shown in Fig. 8. The
noise process W is an iid. proper complex Gaussian process

ergy C,, (P27 %) of the discrete-time channel process Hy with
peak constraint P2~ X

It is easy to see that the spectral density { Sk (w) : =7 < w <
m} of the process Hy is given by

Sk(w) =25 Y~ S(2¥(w - 2mn))sinc*(w — 2mn) (84)
where T

. . sin(w/2)
sinc(w) = 2

Let b = Ry, (0) where Ry is the autocorrelation function

of the process Hy .

Claim 8.1: limpg_,oo b exists ~and equals 1.
Proof: Clearly, bx = ["_ Sk(w)22. From (84), it fol-

lows that
o ((nt3)m2¥ w dw
b = S inc? — =~
K / s (w)sinc 5K 9
ne oo (n 2)7r2
> w dw
= S(w)sine? — 22
/w:—oo (w)sinc 5K 9
Claim 8.1 follows from the Dominated Convergence Theorem,
noting that, for any w,limg_c S(w)sinc® % = S(w) and
sianQ% <1 O
Let Ix be defined as follows:
4 . d
I =2K / log(1 + P27 K SK(w))Z—“’. (85)
o T
By Claim 8.1, it follows that
1
. K,K _ T
dm ORI 1= i T 60
Claim 8.2:
. > dw
lim Ix = log(1 + PS(w))2—.
-0 w=—00 ™

Proof: Substituting for S (84) in the expression for Ix
in (85) yields

w2k o
IK:/ log (l-l-P Z S(w — 2mn2K)

77\“2[(
d
x sinc? (2% — 27rn)) %

Fatou’s lemma yields the following lower bound:

° dw
im i > —.
h}?;%)lf I > / log(1 4+ PS(w)) o

n=-—oo

(87)

w=—00
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The following upper bound on I follows from the fact that for
any :Ll > 0,22 > 0,log(14 z1 + 22) < log(l+ z1) + 22, and
sinc?(z) < 1 for each z:

Ix < /_:2; log (1 + PS(w)sinc? (2%)) ;l—:
dw

ine2 () 2@
+ ~/w|>7r2K S(w)sinc (2K) o

w2k
S/ log(1+PS(w))d—w+/ S(w)d—w.
2 Jw|>m2K

_ 12K T 27

It follows that

o d
lim sup I §/ log(1+ PS(w)) = (83)

K>0 — 2w
From (87) and (88), limg_.., Ix exists and Claim 8.2 is
proved. O

Claim 8.2 and (86) complete the proof of Lemma 8.4. O

The validity of Proposition 3.3 is implied by Lemmas 8.3
and 8.4. The proof of Proposition 3.3 is complete.

IX. CONCLUSION

This paper provides a simple expression for the capacity per
unit energy of a discrete-time Rayleigh-fading channel with a
hard peak constraint on the input signal. The fading process is
stationary and can be correlated in time. There is no channel
state information at the transmitter or the receiver. The capacity
per unit energy for the noncoherent channel is shown to be
that of the channel with coherence minus a penalty term cor-
responding to the rate of learning the channel at the output. Fur-
ther, ON—OFF signaling is found to be sufficient for achieving the
capacity per unit energy. Similar results are obtained for con-
tinuous-time channels as well. One application for capacity per
unit energy is to bound from above the capacity per unit time.
Upper bounds to capacity per unit time are plotted for channels
with Gauss—Markov fading.

A possible extension of this paper is to a multiple-antenna
(MIMO) scenario. While the results may extend in a straight-
forward fashion to parallel independent channels, extension to
more general MIMO channels seems nontrivial. Also, the fading
could be correlated both in time and across antennas. Suitable
models of fading channels that abstract such correlation need
to be constructed. Another possible extension of this paper is
to consider more general fading models such as the wide-sense
stationary uncorrelated scattering (WSSUS) fading model used
in [4], [5]. This would let us explore the effect of multipath or
inter-symbol interference on capacity in the low-SNR regime.

APPENDIX [
BOUNDING CAPACITY PER UNIT ENERGY USING FOURTHEGY

We bound the capacity per unit energy for the channel in (1)
by applying a bound of Médard and Gallager [4]. In the termi-
nology of [5], this amounts to bounding the fourthegy using the
given average and peak power constraint, and using the expres-
sion for capacity per unit fourthegy.
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Let H denote the block-fading process such that blocks of
length T' are independent, with each block having the same
probability distribution as (H (1), H(2),...,H(T)). Denote T'
consecutive uses of a channel with fading process H by the fol-
lowing:

Y/Txl = FITXTXTXI + Wrxi (89)
E[|X(i)]] < Pavg (90)
IX(@)2<P Vie{l...T}. 1)

Here, Hyyr is a diagonal matrix with entries along the main
diagonal corresponding to (H(1),...,H(T)). The average
and peak power constraints are specified by (90) and (91).

According to a bound of Médard and Gallager [4] (also see [,

Proposition II.1])
N 1

I(Yrx1; Xrxa) < 2% 4E[JC(XTx1)]
where Jo(X7x1) is the fourthegy of Y7 corresponding to
input X7 ;. Normalizing with respect to the additive noise
power, o is set to 1. Let (Y7« 1; X7x1) denote T’ consecutive
uses of the channel modeled in (1). Since (Yrx1; X7x1) and
(Yrx1; X7x1) are statistically identical

I(Yry1; Xrx1) = I(Yrxn; Xrx1)

and the fourthegy of Y7 is also given by Jo(Xrx1). The
average fourthegy is upper-bounded in the following manner:

92)

T T
Jo(Xrwa) =Y 1K [ D 1K PIRai - 5)
=1 =1
T T
<YYo P Rati- 51
i=1 j=1

The preceding inequality follows from the peak power con-
straint (91). We further upper-bound the preceding expression
and apply Parseval’s theorem to obtain

X:URHZ—H2 Z |Ry (i — 5)|?

j=—00

dw
= S?
[ s
This yields the following upper bound on fourthegy:

T
dw
ToXra) NP [ gt 09
Combining (93) and (92) yields
Yry1; X
I(Yrx1; Xrx1) <u, 94)

T
B[y L, 1P
where U, is given in (19). From (94) and (14), it follows that
C, < U,.

APPENDIX II
PROOF OF COROLLARY 4.1

The fading process H is Gauss—Markov with autocorrelation
function p!*! for some p with 0 < p < 1. By Proposition 3.1, the
capacity per unit energy for peak constraint P is given by (67).
The expression 5 [ _log(1+ PS(w)) % 4w is now evaluated for
the Gauss—Markov fadlng process. The autocorrelatlon function
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Ry of the Gauss—-Markov fading process is given by Ry (n) =
pl™l Its z-transform S(z) is given by

1—p?
(1= pz)(1 = pz=t)’
Note that 1 + PS(z) is a rational function with both numerator

and denominator having degree two. Zeros of the function 1 +
PS(z) satisfy

S(z) =

for |z| < 1.

PP+ pz{l+ P+ p*(1-P)}+p°=0.  (95)
Recall that z is the larger root of the equation
224 2{14+P+p*(1-P)}+p*=0. (96)

Comparing the two equations, it follows that == is a zero of
1+ PS(z). Since Rg(n)iseven, S(z) = S(z71). So, the other
zeroof 1+ PS(z)is i. (This is also evident since the product
of the roots of (95) is 1.) It follows that 1+ P.S(z) can be written
as

_ =2+ {1+ P+p*1-P)} —pz"
s = (= p2)(1 = po )

e (- 5) (- £))
2(,_ 1 -1_1
P (Z P) (Z P) '
Consider the terms in the numerator of the above expression.

Since (—1/pz)(z — ﬁ) =(1/z3)(z71 = %), 14+ PS(z) can
be further simplified as

o
(=) (-3

14+ PS(z) =

o7)
Hence, for |z| =1

(--%)
1+ PS(z) = |f(z),  where f(z) = Z—”2 (98)
24 (z— %)

Since the polynomial in (95) is negative at z = 1 and positive as
|z]| — oo, itis clear that z;. > 1. The function f is analytic and
nonzero in a neighborhood of the unit disk. Thus, by Jensen’s
formula of complex analysis

dw

P

[ s+ Ps@)gE = [ roglie)

= log | f(0)]
=log 2.

Equation (27) in Corollary 4.1 follows.
The integral in the expression for U,,, as given in (19), is sim-
plified using Parseval’s theorem as follows:

T dv = o 1+ 07
/ SHw)g- =2 M =1

—T

Equation (28) in Corollary 4.1 follows.
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APPENDIX III
PROOF FOR COROLLARY 4.3

The proof works for both discrete- and continuous-time chan-
nels. Let I be the input alphabet (I' = CT for a discrete-time
channel). Since the block-fading channel is a discrete memory-
less vector channel, Verdd’s formulation [1] of capacity per unit
cost applies here

D(py | x |lpy o)
1X113

where X is understood to satisfy the peak power constraint
[ X]|oo < VP. Following [5, p. 812] (discrete time) and [5,
Proposition II1.2,eq. (16)] (continuous time), D(py | x || py |o0)
can be expressed as Y, ¢();), where ¢(A) = A —log(1 + A)
and {\;} is the set of eigenvalues of the autocorrelation matrix
(discrete time) or autocorrelation function (continuous time) of
the signal H X . This signal has rank one. So A\; = ||X||3, and
A; = 0for i # 1. Thus,

D(pyx llpy o) = X115 — log (1 + [1X]|3) - (100)

So, the expression for capacity per unit energy with peak con-
straint P simplifies to:

CP(P,T)= sup (99)

Xer:X#0

log (1 + [1X13)

(101)
X113

cCBpP,T)=1-
p (B T) Xer:||X||2, <P

. log(1 . . .
Since w is monotonic decreasing in x for x > 0, the

above infimum is achieved when || X |3 is set at its maximum
allowed value PT'. This completes the proof of Corollary 4.3.

APPENDIX IV
ALTERNATIVE PROOF FOR LEMMA 6.5

Lemma 6.5 shows that, in the limit as n — 0o, the expression
1
—logdet(, + P-%,)
n

can be expressed as an integral involving S(w), the density of
the absolutely continuous part of the spectral measure of the
fading process H. Here, we present a brief outline on an alter-
native proof for the same.
The term det(7 4+ PX,,) can be expanded as a product of its
eigenvalues
logdet(/ + P%,) 1

nP P

. (102)

n <

1 n
Zlog(l + P)\)
=1

Here, JA; is the 7th eigenvalue of ¥,,»,,. The theory of circulant
matrices is now applied to evaluate this limit as an integral

R i dw
Jim ;bga +PX\) = /_7r log(1 + PS(w))5 - (103)
The result about convergence of the log determinants of Toeplitz
matrices is known as Szegd’s first limit theorem and was estab-
lished by Szego [27]. Later it came to be used in the theory of
linear prediction of random processes (see, for example, [22,
Sec. IV.9, Theorem 4]). Therefore,

_ logdet(I+P%,) 1 [T dw

1 = — log(1 + P —.

Jim 8IS [ o1+ Ps(@)
(104)
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APPENDIX V
PROOF OF LEMMA 7.1

Since the channel modeled in (69) is a discrete-time memo-
ryless vector channel, the formulation of capacity per unit cost
in [1] can be applied

D(py | x Py o)

Ccoh P —
7(P) IXT2

p;

sup (105)

X:|| X |loo <VP
Here, X is a deterministic complex vector in C T LetY y denote
the covariance matrix of ¥ conditional on X being transmitted,
and Xy the covariance matrix of Y’ conditional on 0 being trans-
mitted. Let X denote diag(X ), and ¥ denote the covariance ma-
trix of the random vector (H(1),..., H(T))". The following
expressions for ¥ x and Y are immediate:

v XXt 4+ I XX
X~ Xt by

(5 5)

The divergence expression in (105) then simplifies to

(106)

Yo

107)

D(py | x lpy o)

. detEX —10{rt —19r0rt
= log o+ 00 (B [S01VVT = 531777
(108)
deth —1
:logm-{—tr (EO EX—IQT) (109)
detEX XEXT 0
=log ——— . 11
%8 Getx, T < 0 0) (110)

It is clear that det X = det X. To evaluate det X x, let ﬁ]X be
given by

Sy = <Re(zx)

(o) Reoey )

RB(E‘\')

Clearly, det ¥x = (det Xy )2. Since Yy is a matrix with
real entries, row-operations leave the determinant unchanged
yielding the following expression:

& 1 0 I XX
s =an(gh ) (2 )]

= (det ©)%
So
det X x = det 2.

This implies that log ‘310;222 = 0. Since the correlation ma-

trix X is normalized to have ones on the main diagonal,
tr(XLXT) = Zszl |X;|. So, the divergence expression in
(110) evaluates to 1 independently of the choice of the deter-
ministic complex vector X (as long as X # 0). This, along
with (105), proves (71).

(1]
(2]
(3]

(4]

(5]

(6]

(71
(8]

(91

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]
[18]

[19]

[20]
[21]
[22]

[23]
[24]

[25]

[26]

[27]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 9, SEPTEMBER 2005

REFERENCES

S. Verdd, “On channel capacity per unit cost,” IEEE Trans. Inf. Theory,
vol. 36, no. 5, pp. 1019-1030, Sep. 1990.

R. G. Gallager, “Energy limited channels: Coding, multiaccess, and
spread spectrum,” report, Tech. Rep. LIDS-P-1714, Nov. 1987.

I. C. Abou-Faycal, M. Trott, and S. Shamai (Shitz), “The capacity of
discrete-time memoryless Rayleigh-fading channels,” IEEE Trans. Inf.
Theory, vol. 47, no. 4, pp. 1290-1301, May 2001.

M. Médard and R. G. Gallager, “Bandwidth scaling for fading multipath
channels,” IEEE Trans. Inf. Theory, vol. 48, no. 4, pp. 840-852, Apr.
2002.

V. G. Subramanian and B. Hajek, “Broad-band fading channels: Signal
burstiness and capacity,” IEEE Trans. Inf. Theory, vol. 48, no. 4, pp.
809-827, Apr. 2002.

C. Rao and B. Hassibi, “Analysis of multiple-antenna wireless links at
low SNR,” IEEE Trans. Inf. Theory, vol. 50, no. 9, pp. 2123-2130, Sep.
2004.

1. E. Telatar, “Capacity of multi-antenna Gaussian channels,” Europ.
Trans. Telecommun., vol. 10, pp. 585-595, Dec. 1999.

T. Marzetta and B. Hochwald, “Capacity of a mobile multiple-antenna
communication link in Rayleigh flat fading,” IEEE Trans. Inf. Theory,
vol. 45, no. 1, pp. 139-158, Jan. 1999.

A. Lapidoth, “On the asymptotic capacity of stationary Gaussian fading
channels,” IEEE Trans. Inf. Theory, vol. 51, no. 2, pp. 437-446, Feb.
2005.

A. M. Tulino, A. Lozano, and S. Verdd, “Capacity of multi-antenna
channels in the low-power regime,” in Proc. Information Theory Work-
shop, Oct. 2002, pp. 192-195.

B. Hajek and V. Subramanian, “Capacity and reliability function for
small peak signal constraints,” IEEE Trans. Inf. Theory, vol. 48, no. 4,
pp- 828-839, Apr. 2002.

C. E. Shannon, “A mathematical theory of communication,” Bell Syst.
Tech. J., vol. 27, pp. 379-423, 623-656, Jul.-Oct. 1948.

G. Maruyama, “The harmonic analysis of stationary stochastic pro-
cesses,” Memoirs of the Faculty of Science, Series A, Mathematics, vol.
4, no. 1, pp. 45-106, 1949.

M. S. Pinsker, Information and Information Stability of Random Vari-
ables and Processes. San Francisco, CA: Holden-Day, 1964.

R. M. Gray, Entropy and Information Theory. New York: Springer-
Verlag, 1990.

E. Biglieri, J. Proakis, and S. Shamai (Shitz), “Fading channels: Infor-
mation-theoretic and communication aspects,” IEEE Trans. Inf. Theory,
vol. 44, no. 6, pp. 2619-2692, Oct. 2002.

1. Jacobs, “The asymptotic behavior of incoherent M-ary communication
systems,” Proc. IEEE, vol. 51, pp. 251-252, Jan. 1963.

R. S. Kennedy, Fading Dispersive Communication Channels.
York: Wiley-Interscience, 1969.

I. E. Telatar and D. N. C. Tse, “Capacity and mutual information of
wide-band multipath fading channels,” IEEE Trans. Inf. Theory, vol. 46,
no. 7, pp. 2315-2328, Nov. 2000.

I. S. Gradshteyn and 1. M. Ryzhik, Table of Integrals, Series and Prod-
ucts. New York: Academic, 1980.

G. L. Stiiber, Principles of Mobile Communication.
Kluwer, 1996.

I. Gihman and A. Skorohod, The Theory of Stochastic Processes
I. New York: Springer-Verlag, 1974.

J. Doob, Stochastic Processes. New York: Wiley, 1953.

R. G. Gallager, Infomation Theory and Reliable Communication.
York: Wiley, 1968.

A. D. Wyner, “Capacity and error exponent for the direct detection
photon channel, I-1I,” [EEE Trans. Inf. Theory, vol. 34, no. 6, pp.
1449-1471, Dec. 1988.

T. M. Cover and J. A. Thomas, Elements of Information Theory. New
York: Wiley, 1991, Wiley Series in Telecommunications.

G. Szego, “Ein Grenzwertsatz liber die Toeplitzschen Determinanten
einer reellen positiven Funktion,” Math. Ann., vol. 76, pp. 490-503,
1915.

New

Norwell, MA:

New



	toc
	Capacity Per Unit Energy of Fading Channels With a Peak Constrai
	Vignesh Sethuraman, Student Member, IEEE, and Bruce Hajek, Fello
	I. I NTRODUCTION
	II. P RELIMINARIES
	Definition 2.1: Operational Capacity: A number $R$ is an $\epsil
	Definition 2.2: Information-Theoretic Capacity: The mutual infor
	Proposition 2.1: If $H$ and $W$ are stationary weakly mixing pro
	Definition 2.3: Given $0\leq\epsilon <1$, a nonnegative number $
	Proposition 2.2: Suppose the two definitions of capacity per uni
	Corollary 2.1: Suppose the two definitions of capacity per unit 

	III. M AIN R ESULTS
	A. Discrete-Time Channels
	Proposition 3.1: Let $S(\omega)$ denote the density of the absol
	Proposition 3.2: For $P > 0, C_p^{\rm coh}(P) = 1$ .

	B. Extension to Continuous-Time Channels
	Proposition 3.3: Let $S_H(\omega)$ denote the density of the abs


	IV. I LLUSTRATIVE E XAMPLES

	Fig.€1. Capacity per unit energy, and upper bounds for the discr
	A. Gauss Markov Fading
	1) Discrete-Time Channel: Consider the channel modeled in (1) . 
	Corollary 4.1: The capacity per unit energy for peak constraint 
	2) Continuous-Time Channel: Consider the channel modeled in (20)


	Fig.€2. Capacity per unit energy as a function of $\rho$, for th
	B. Clarke's Fading
	Corollary 4.2: For a time-selective fading process $H$ with the 

	C. Block Fading
	Corollary 4.3: The capacity per unit energy with peak constraint
	Fig.€3. Capacity bounds for the discrete-time channel, $% \beta=1$
	Fig.€4. Capacity bounds for the discrete-time channel, $% \beta=5$
	Fig.€5. Capacity per unit energy and upper bounds for the contin
	Fig.€6. Capacity per unit energy and upper bounds as a function 


	V. P ROOFS OF P ROPOSITIONS IN S ECTION II
	A. Proof of Proposition 2.1
	Remark: It should be noted that, when an ergodic discrete-time p
	Lemma 5.1 (Modified Feinstein's Lemma): Given an integer $M$ and

	B. Proof of Proposition 2.2
	Proof: For brevity, let $$\alpha = \sup_{P_{\rm ave} > 0} {C_{\r


	VI. P ROOF OF P ROPOSITION 3.1
	A. Reduction to ON OFF Signaling
	B. Optimality of Temporal ON OFF Signaling
	Definition 6.1: Given a finite subset $A$ of ${{\BBZ}}_+$, let $
	Lemma 6.1: The functional $\alpha$ has the following properties.
	Proof: The first property follows from the definition. From the 

	Lemma 6.2: Let $A,B \subset {\BBZ}$ be finite disjoint nonempty 
	Proof: Trivially $$ {\alpha(A)+\alpha(B\,\vert\, A) \over \vert 

	Lemma 6.3: Let $A \subset {\BBZ}$ be nonempty with finite cardin
	Proof: It suffices to prove the result for $\mathtilde{A} = A$, 

	Proposition 6.1: The following holds: $$ \inf_{A:A\ {\rm finite}
	Proof: Let $\epsilon >0$ . Then, there exists a finite nonempty 


	C. Identifying the Limit
	Lemma 6.4: The minimum mean-square error in predicting $Z(0)$ fr
	Proof: The random variables $\underline{Z}_{-n}^0 \!= \! \{Z(k) 

	Lemma 6.5: $$ I(P) = \lim_{n \to \infty} {1 \over n} \log \det(I
	Proof: Let $(F_H(\omega), \,F_W(\omega): -\pi \leq % \omega < \pi)



	VII. E XTENSION TO C HANNELS W ITH S IDE I NFORMATION: P ROOF OF
	Lemma 7.1: For each $P > 0$ and $T > 0$ $$ C_{p,T}^{\rm coh}(P) 

	VIII. E XTENSION TO C ONTINUOUS T IME: P ROOF OF P ROPOSITION 3.
	Lemma 8.1: $$C_p(P)=\sup_{X\in L^2[0,\infty)} {D(P_{V\,\vert\, X
	Proof: The continuous-time channel is equivalent to a discrete-t

	Lemma 8.2: The divergence $D(P_{V\,\vert\, X} \Vert P_{V\,\vert\
	Proof: Let $P_{V\,\vert\, X,H}$ denote the distribution of $V$ g

	Lemma 8.3: $C_p(P)=\lim_{K\rightarrow\infty} C_p^{K,K}(P).$


	Fig.€7. Matched filter response is sampled at rate $2^K$ hertz.
	Fig.€8. The filter response of the channel process $H(t)$ is sam
	Proof: Proposition 2.2 applied to the discrete-time channel that
	Lemma 8.4: $\lim_{K\rightarrow\infty} C^{K,K}_p(P)$ is given by 
	Proof: Let ${\cal C}$ be a $(T, M,\nu, P, \epsilon)$ code for th

	Claim 8.1: $\lim_{K\to \infty} b_K$ exists and equals $1$ .
	Proof: Clearly, $b_K = \int_{-\pi}^{\pi} \mathtilde{S}_K(\omega)

	Claim 8.2: $$\lim_{K \to \infty} I_K = \int_{\omega = -\infty}^{
	Proof: Substituting for $\mathtilde{S}_K$ (84) in the expression

	IX. C ONCLUSION
	B OUNDING C APACITY P ER U NIT E NERGY U SING F OURTHEGY
	P ROOF OF C OROLLARY 4.1
	P ROOF FOR C OROLLARY 4.3
	A LTERNATIVE P ROOF FOR L EMMA 6.5
	P ROOF OF L EMMA 7.1
	S. Verdú, On channel capacity per unit cost, IEEE Trans. Inf. Th
	R. G. Gallager, Energy limited channels: Coding, multiaccess, an
	I. C. Abou-Faycal, M. Trott, and S. Shamai (Shitz), The capacity
	M. Médard and R. G. Gallager, Bandwidth scaling for fading multi
	V. G. Subramanian and B. Hajek, Broad-band fading channels: Sign
	C. Rao and B. Hassibi, Analysis of multiple-antenna wireless lin
	. E. Telatar, Capacity of multi-antenna Gaussian channels, Europ
	T. Marzetta and B. Hochwald, Capacity of a mobile multiple-anten
	A. Lapidoth, On the asymptotic capacity of stationary Gaussian f
	A. M. Tulino, A. Lozano, and S. Verdú, Capacity of multi-antenna
	B. Hajek and V. Subramanian, Capacity and reliability function f
	C. E. Shannon, A mathematical theory of communication, Bell Syst
	G. Maruyama, The harmonic analysis of stationary stochastic proc
	M. S. Pinsker, Information and Information Stability of Random V
	R. M. Gray, Entropy and Information Theory . New York: Springer-
	E. Biglieri, J. Proakis, and S. Shamai (Shitz), Fading channels:
	I. Jacobs, The asymptotic behavior of incoherent M-ary communica
	R. S. Kennedy, Fading Dispersive Communication Channels . New Yo
	. E. Telatar and D. N. C. Tse, Capacity and mutual information o
	I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series an
	G. L. Stüber, Principles of Mobile Communication . Norwell, MA: 
	I. Gihman and A. Skorohod, The Theory of Stochastic Processes I 
	J. Doob, Stochastic Processes . New York: Wiley, 1953.
	R. G. Gallager, Infomation Theory and Reliable Communication . N
	A. D. Wyner, Capacity and error exponent for the direct detectio
	T. M. Cover and J. A. Thomas, Elements of Information Theory . N
	G. Szegö, Ein Grenzwertsatz über die Toeplitzschen Determinanten



