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Law of large numbers and large deviations

( some classical implications of drift )
Sn = X1+ ...+ X, where F|X;] = u.
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Law of large numbers and large deviations

( some classical implications of drift )
Sp = X1+ ...+ X, where F|X;] = pu.

Important consequences:

Sn
— — 1 Law of large numbers
n

S
P {—n > a} < g~ nt(a) large deviation bounds
n
iid sequences, ergodic sequences (Gartner-Ellis),

sample path (“functional”) versions (e.g. Kurt’s theorem)

Bounds not depending on exact distributions
(Bernstein inequality, Azuma-Hoeffding inequality, . . .)
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Exponential Bounds from Drift

Some less classical implications of drift
e Let Yy, Y7,... be a sequence of random variables.

e F;. = information at time k

o F|Y, 11— Yi|Fk| is the drift at instant k

Condition C.1 E|Y; 1 — Yi|Fi| < —€, whenever Y, > a
Condition C.2 There is a random variable Z
with Elexp(AZ)] = D so that

1Y P([Yii1i — Ya| >z |F] < P[Z>2] >0
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Let ¢,n and p be constants such that

.S E[exp(AZ)]}\—(l—l—)\E[Z])

2
0<n<A n<e/c and p=1—¢€,n+ cn?.

Thenp<land D >1

e Condition D.1 Elexp(n(Yi+1 — Yi)) 1y, >a) | Fr] < p

e Condition D.2 Flexp(n(Yi+1 — a)) iy, <o) | Fr] < D



Proposition [H ’82] D.1 & D.2 (or C.1 & C.2) imply:

1 — K
> £ pken(Yo—b) P pe—n(b-a)
.Y P[Yx > b]Yy] < pfe =, De

j De—N(b—a)
transient < 61 Y, < a
—p

A N S

¢'6/15/15 SIGMETRICS, June 2015




Proof

Ele™ +1]Y,] = E[e”(Yk+1_Yk)I{Yk>a}\Yk]e" k
+ EleYer1— “)I{Yk<a}\Yk]6"
< pe™r 4 De"?,
so that
Ele" 1Y) < pE[e™*|Yy] + De®.
Then by induction on £ :

Y, ke ave , L= p°
Ele"*|Yy] < pfe0 4 1 De".
—p

Chernoff bound: P[Y} > b|Yy] < e " E[e"**|Y,] completes proof.



Continuous time
comparison of diffusions

Theorem (Classical comparison theorems, see Ikeda & Watanabe)
Suppose o, b1 and b, are Lipschitz continuous. For ¢ = 1, 2, let

dX! = o(X})dw; + b;y(X])dt

If by > by and X} > X& then X} > X? for all ¢.
Proof idea: Construct processes jointly and invoke strong uniqueness.
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Continuous time
comparison of diffusions (contd.)

Theorem ([H, ’85]) Let X and y be continuous semimartingales:

dXt = M (X t)dt + O'tth
dyt — mdt + IOth

Suppose: U <m, |o¢| < p, and Xg < Yp.
Then: P{x; > c} <2P{y; > c} Vc, and E [®(X;)] < E[P(y;)]

for any nondecreasing, convex functions P.

: A YIY? d. d.
Proof idea: x; < z; = ; t and y; = Y,! = Y,?, where

I ! #

t t
Yi=yo+mt+  odw,+ (=1 (p? —c?)2dw,
0 0

Extensions: reflections, diffusion coefficient depending on state
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Kingman’s moment bound for random walks,
and a variation

Let So=0and S, = U+ aa#a U, Where Ui,Uj, ...

are iid with mean ! 1 and variance! % <
Let S' =sup,. 5. KingmanOs bound [062] IS

A | 2

v
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Proof of Kingman’s bound

Leth:maX{O,Ul,Ul—l—UQ,---,U1—|—---—|—Un}.
Then W,,! S*asn!" ,soEW,|! E|[S*].

Wn—l—l — ma’X{()! Ul + maX{Oa U21 U2 + U31 U2 + -0 Un—|—1}}

same distribution as w,

SO p
Whp1 = (U _|‘Wn)-|—-

Trivially,
U+W,=U+W,).# (U+W,)_

Take expectations, use E|W,,+1]$ E[W,,] : E[(U+W,)_|$ L
Square, use (a)+(a)_ %0, taking expectations,
use E(W2,,]$ E[W?2]: E[U?]# 2uE W, ] $ E[(U+W,)2].



Proof of Kingman’s bound (continued)

Yields
EW,] E[U%]" EguU + W) ]
o BUP]" 2" BU 4+ WR)2]+ E(U + Wa)-]?
| »
2 Var(U4 W) ) 12
N 24 20

Finally, letting n #$ yields Kingman’s bound.



Return to Kingman’s bound:

Let So=0and S, = U; + aaa Uy where Up,Us,..
are iid with mean ! 1 and variance! ? <
Let S' =sup,. o Sx. KingmanOs bound [062] IS

E[S'1# &

Q. What if we drop assumption of
identical distribution?



Kingman’s bound in continuous time
(proof is by simple limit procedure)

Let Y be a stationary independent increment (SII) process
with Yy = 0 such that

ElY,] = —ut and Var(Y;) = ot

Then E[Y*] < &
By Markov inequality, P{Y* > a} < % where v = 4.

0'2

Q. What if we drop assumption of
identical distribution?



Dropping identical distribution
assumption from Kingman’s bound

Proposition 1 [H, ‘14| Suppose Yy = 0, and both
(Vi +pt:t! 0)and (V2" '2t:¢! 0)
are supermartingales (i.e. have negative drift).

(a) Foral 0: P{Y*! a}# 57— where" = %.
(b) Equality holds if and only if Y
is the big jump process with target a.

a

0 -




Application: State space collapse

and stability analysis
Stabilizing ALOHA ([H & van Loon ’82],[Mikhailov 79])

N //g\

- e =g
0-1-e feedback; Psyccess = P(1 — p)”_l.ﬁ
Use p =

==
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backlog and estimated

Joint drift

backlog for multiple access
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State space collapse for join the
shortest queue

- —IMre-
—TMe-
\
\
oS drift( Ny | Np) = o ! piy + |
. rit( Ny ! No)= po ! pp £ !

> Eryilmaz Srikant 2012
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Simulated Annealing
(insights from drift) 14

V(S) - — Z Jij SiSj — Z hi si (Ising hodel)

ij "

l (s) = % exp <—%V(s))

Recent work of Jiang and Walrand using MCMC for
CSMA is related to simulated annealing



Goal: Find global minimizer of V over
all possible states S

Simulated Annealing Algorithm:
Initialize state: s! sy
For k =1to Kmax :
Choose a neighbors' of s
Compute " V = V(s') # V(s) (change in cost
If*V$05s! s

If " V >0,s! s with probability e# V/T«



6/1

5/15

Example: set partitioning

K

V(A,AS) = e(AAS)+ I (JA]! |AI9)?

SSSSSSSSSSSSSSSSSSS



R N W b~ U1 OO N 00 L

Markov chain induced by simulated annealing

- Let A\ =¢e™
u 1

NG

N

>

N = -

(Self loops not shown.)
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= N W A~ U1 OO N O L

Large time behavior of
simulated annealing

(Converges to minimum in probability iff
1 A\p = oo for c=max depth of local minima.

O Roughly: T ! log(tfme )
O O
O
oQ O—4
O O o O 0 O
O O O c =5 for
O O

this example

O O local minima local minima
Global minima depth 2 depth 5



Large problem size behavior
of simulated annealing

Addressed in [Sasaki — H. ‘88] for maximum matching problem.
V(M) = |M]|
=5 for M shown



Large problem size
(a positive result for approximate maximum matching)

d* = maximum vertex degree

m* = maximum cardinality over all matchings

Theorem (Sasaki & H, ‘88) Simulated annealing at constant temperature

T =110 (3(1+ 1) VP )

reaches fraction at least (1 — €) of maximum matching in expected time

1 2
E[R.] < 24 (1 + —) V|5 (2d%) Ve

€



Large problem sizrc\e (a negativerr\esult for maximum matching)
I

O Q / Q / Q Q / O
M M M W
0 e \"‘o e "‘o e ‘"‘o e ‘"‘o 0O
o—ditp—F ..é‘»w;",«. é"’f‘ .
0\ 0\ (VY "\
Y Y\ (Y
i\

® 07/“\70 ‘q'/“\y. 0,'/‘“70 0’,'/‘“70 O

A A A A

: O O O O~/
Time to reach maximum grows exponentially with n

SSSSSSSSSSSSSSSSSS



Fluid Analysis and Deterministic

Constraints (insights from drift)

Rybko & Stolyar example ('92)
(Also see Lu & Kumar example 91)

Station 1 Station 2

Bl -2/ o
1
m1:Ol m2:2/3-
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If system is stable for fluid traffic it is stable
for stochastic traffic [Rybko & Stolyar 92,
Dai 95 ] and for deterministically
constrained traffic [Gamarnik 00, H 00]

Station 1 Station 2

Station 3



Bound implied by drift for deterministically

constrained traffic
Lemma

Let f :[0,! )" [O,! ) be right-continuous so for some!,",a,b,g with " <

f+1f@) #"f@) iff(t)>a
f(t+s)$f(s)# b+ct ifs,t%0

Then f(s) # (a+ b)(L+ cl/(1$ ")) for s %f (0) .
/()
f(0) ¢



Lemma

Letf :[0,! )" [O,! ) be right-continuous so for some!,",a,b,¢ with " < 1

f(a+ @) # "f(@) iff(t)>a
f(t+s)$f(s)# b+ct if s,t%0

Thenf(s)# (a+ (1 + c!/(1$ ")) for s%f (0) =

dea: f () >a implies f (t + 7f () < f (t) — L=0(+f (1)).

g slope! 1=

//\




Q: Is it enough to have enough capacity at each
station for this network topology?

.. Station 1 / Station 2

Station 3 4

A: No, because it generalizes Rybko-Stolyar.

But Dai & Weiss 96 has elegant proof of stability for
fluid models if all traffic in ring is in same direction.
Recovers result of Tassiulas & Georghiades 95.
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Thanks!
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