388
Auto-correlation
3969.0 - Peak
2289.0
609.00 -I
-1071.0 4 . “

3969.0 W
2289.0 -

609.00 4

-1071.0

®)

Fig. 2. Cyclic correlations of two 63X 63 Gold code arrays. (a) Cyclic
auto-correlation. (b) Cyclic cross-correlation.

N-dimensional quasi m-hypercubes and Gold code hyper-
cubes can also be generated by the same construction method
proposed in this correspondence. Quasi orthogonal property of
these hypercubes is also expected. These n-dimensional hyper-
cubes are much easier to be generated than the n-dimensional
Welti codes [15].
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On the Maximum Tolerable Noise for Reliable
Computation by Formulas

Bruce Hajek, Fellow, IEEE, and Timothy Weller,
Student Member, IEEE

Abstract —It is shown that if formulas constructed from error-prone
3-input gates are used to compute Boolean functions, then a per-gate
failure probability of 1/6 or more cannot be tolerated. The result is
shown to be tight if the per-gate failure probability is constant and
precisely known.

Index Terms —Computation by unreliable components, reliable com-
puting.

1. INTRODUCTION

In a celebrated paper [6], von Neumann showed that arbitrary
Boolean functions can be reliably computed by formulas built
from noisy gates. For € > 0, the output of an e-noisy, k-input
gate is modeled as the result of applying a function f: {0, 1 -
{0,1} to the inputs and then changing the value from 0 to 1 or
vice versa with probability e. If the output is changed we say the
gate fails.

A formula is an interconnection of gates such that the output
of each gate (except for one, which produces the output of the
formula) is an input of one other gate. The inputs of the gates
consist of Boolean variables that are the inputs for the formula,
Boolean constants, or outputs of other gates. There are no loops
in the sequence of interconnections. If a formula is composed of
noisy gates, we assume that the gates fail independently of each
other and of the inputs. Suppose we wish to evaluate a given
deterministic Boolean function F of n variables, F: {0,1}" ~
{0,1), using a formula built from noisy gates. We allow each of
the n Boolean arguments of F to be used, without error, as an
input in multiple places in the formula. The maximum error
probability of the formula is the maximum, over all 2" possible
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inputs, of the probability that the output of the formula differs
from the corresponding value of the function F.

The goal of this paper is to identify precisely how large € can
be such that arbitrary Boolean functions can be computed with
maximum error probability less than §, for some & depending
only on e with & <1/2. In his paper, von Neumann [6, p. 69]
used alternating stages of computation and error correction to
show that reliable computation is possible for e < 0.0073. By
“iterating the process of triplication at each step” as suggested
by von Neumann, one finds that reliable computation is possible
for € < 0.09471. In Section IV we show that reliable computa-
tion is in fact possible for € <1/6. A caveat on these positive
results is that the proofs use the assumption, implicit in our
definition, that the e-noisy gates fail with probability precisely e
—that is the gates are “reliably unreliable.” Pippenger [3]
showed that € < 0.08415 is sufficient even if the possibility that
errors might not matter or cancel during a computation step is
ignored, so € <0.08415 is also sufficient under less restrictive
error models, such as the one in [4].

On the negative side, Pippenger [5] showed that if e>1/3
then such reliable computation is not possible. Moreover, for
any e in the range 0 <e <1/3, he obtained nontrivial lower
bounds on the depth of formulas needed to compute certain
functions with a given maximum error probability. Feder [1]
improved Pippenger’s bounds, and extended their domain of
application to networks that compute Boolean functions. A
network is similar to a formula except the output of any gate can
be connected to the input of multiple gates. We prove (see
Proposition 2) that if € >1/6 then reliable computation is not
possible, improving on the negative result of Pippenger. Al-
though the negative results here and in [1], [5] are stated for
reliably unreliable gates, they automatically apply for less re-
strictive failure models.

A survey paper of Pippenger [4] covers work related to several
different aspects of von Neumann’s paper.

II. REMEMBERING AND COMPUTING WiTH NoIsY
GATES —NEGATIVE RESULT

A problem related to von Neumann’s result about computa-
tion is the problem of “remembering” a binary variable using
noisy gates. Suppose X is a random variable with P[X =0]=
P[X=1]=1/2. Consider a formula built from e-noisy gates
such that each input is either X or a constant. For example, the
formula might correspond to a baldnced ternary tree with L-
layers of e-noisy 3-input majority logic gates and all 3% inputs
equal to X. For this example it is elisy to show by induction that
the output is equal to 1— X with probability m*(0), where m’
is the L-fold composition of the function m_(a)=¢ +
(1-2€X3a® —2a%). As von Neumann noted, if € <1/6 then
lim; |, m%(0)<1/2. Thus, for such €, a single bit can be
remembered with probability of error bounded away from
1/2 for arbitrarily many layers by a formula composed of
e-noisy 3-input gates. On the other hand, if e>1/6 then
lim; _,, m&(0)=1/2. Thus, for such ¢, it is not possible to so
remember a bit by formulas built from e-noisy 3-input majority
logic gates. We will show that arbitrary e-noisy 3-input gates can
do no better, and that fact will imply a negative result about
computation.

The joint distribution of X and an arbitrary binary random
variable Y on the same probability space can be summarized by
the parameter AY €[0,1]%, where AY = (A}, AY) with AY = P[ X #
Y|X =i]. For 0 < a <1 define S(a) to be the closed, convex hull
of {(,4),(1,0),(0,1),(1 — a,1 - a)}. Note that X and Y are inde-
pendent (iie., /(X;Y)=0) if and only if AY € §(1/2), so we call
$(1/2) the line of zero information.

Consider once again a formula built from e-noisy gates such
that each input is either X or a constant. We can model a
particular gate in the formula as shown in Fig. 1. The input

389

w
Y
Y |4 Y
f
" S,
——————

Fig. 1. Model of e-noisy gate.

random variables Y,,Y,,Y;, are conditionally independent given
X. Setting f(Y,,Y,,Y;)=V, we write the output of the noisy
gate as Y = VoW where W is independent of X,Y,,Y,,Y; with
PIW=1]=e=1—- P[W=0] Here f is an arbitrary 3-input
Boolean function. For a given function f, A is determined by
(AY1, AY2, AY3), Furthermore, using vector addition,

MW=(1-e)lV+e(1-1)
=e+(1-2e)N". 1)

The second form leads to the'interpretation used by Feder (1],
namely, an e-noisy gate is equivalent to a gate that produces a
random output with probability 2e.

Proposition 1: Suppose € >1/6 and 0<a<1/2 If
A AY2 AYs € §(a) then AY € S(m (a)).

Proposition 1 will be proved in Section II.

Corollary 1 (Optimality of Majority Logic for Remembering a
Bit): Suppose € >1/6. Consider a formula built from e-noisy
3-input gates such that all the inputs are constants or X, and
such that X is not input into any gate less than L layers from
the output ¥;. Then P[Y, # X]= mZ(0).

Proof: Note that A*=(0,0)€ S(0), so Proposition 1 and
induction on L imply that AY. € S(mL(0)). Thus P[Y, # X]=
(A% + AT) /2 = mE0). o

The main result of this correspondence is stated next.

Proposition 2: Let € > 1/6. Consider a Boolean function F of
at least 1+ 3% ! essential arguments, and consider any formula
constructed of e-noisy 3-input gates for computing F. Then the
maximum error probability of the formula is greater than or
equal to m£(0). (Recall that lim; _,, m=(0)=1,/2).

Proof: At most 3%7! variables can be inputs in the last
L —1 layers of the formula, so at least one of the formula input
variables, say the ith, is not an input for any of the gates in the
last L —1 layers of the formula. We consider evaluating
F(cy, ¢y, 7,6y, X, €41, " 75 €,,) using the formula where, as
before, P{ X = 0]= P[X = 1]=1/2, and the binary constants (c,-:
j#i) are chosen so that F(cq,¢p,7 ", ¢, X,Cip15 " *5C,) de-
pends essentially on the value of X. By Corollary 1 the output of
the formula is incorrect with probability at least mf(O). Thus,
the probability the formula is incorrect for one of the two inputs
(1,07 3¢ 1,0,€ 1,0 s e) O (€4, €557 0,641, 1, €144, 7€)
is also at least mZ(0).

II1. Proor or ProrosITION 1

Proposition 1 will be proved after two lemmas are established.
Lemma 1: If Proposition 1 holds for the case where AY' =
AY2 = \¥3=(q, a), then it holds for any (A", A2, AY3),

Proof: For any fixed noisy gate, the induced mapping of
(AW, A2, 0%3) to AY is affine in each of AY1,AY2,A¥> when the
other two are fixed. Hence the image of $(a)® = S(a)x S(a)Xx




390

S(a) is the convex hull of the ithage of the set of extreme points
of S(a)’. The set S(a)® has 4% extreme points, where éach
extreme point is of the form (AV, A"z, AY3) with AYie
{(2a),(0,1),(1,0),(1— a,1—a)} for 1<i<3. Therefore, it suf-
fices to prove Proposition 1 for the case that AY: e
{(a,a),(0,1),(1,0),(1- a,1— a)} for 1 <i<3. However, if A€
{(0,1),(1,0)} then the same value of AY can be obtained with
AYi = (a, @) by changing the function in the gate to one that does
not depend on its ith input. Similarly, if AY =(1—a,1— a) then
the same value of AY can be obtained with AY:=(a,a) by
changing the function in the gate by complementing its ith
input. The lemma follows. 0

Define a 3-input Boolean function f to be a threshold func-
tion if for some integer k, f has the form f(y,,y,,y5)=
Ly tyrrps2iy OF F(91:Y2,¥3) =1y 4y, 4y, <4y Where I, denotes
the indicator function of an event A.

Lemma 2: If Proposition 1 holds whenever the function f in
the gate is a threshold function, then it holds in general.

Proof: We appeal to Lemma 1, and assume without loss of
generality that AY! = AY2 = AY> = (a,a). We shall provide a self-
contained proof although it is possible to deduce the Lemma
from the Complete Class Theorem for Bayes decision rules [2].
Consider the output parameter AY =(AY,AY) as the function f
varies, for a and e fixed. Since $(m(a)) is a convex set, it
suffices to prove that the convex hull of the set of AY generated
as f varies over the set of all 3-input Boolean functions is the
same as the convex hull of the set of AY generated as f varies
only over the set of threshold functions. For that purpose, by the
well-known: separating hyperplane theorem [2], it suffices to
prove that for any constants r and s the functional C(f)
defined by C(f)=ra%+sA} achieves its minimum value at
some threshold function f. Using (1) and the fact that E[ A]=
E[E[ A|B]] for random variables A and B yields that

C(f)=(r+s)e+(1-2&)(rAy+sA))
=(r+s)e+(1-2€)2(rE[VIX = 0]P[ X =0]
+sE[1-VIX=1]P[X =1])
=(r+s)e+(1-2¢)2E[r(1- XV +sX(1-V)]
=(r+s)e+(1-2¢)(s+2E[V(r-(s+r)X)])
=(r+s)e+(1-2¢)

~(s +2 X U(yl,yz,ys)p(yl,yz,yg)),

Yy, Y3
where p is the joint probability mass function of (Y;,Y,,Y;) and
U(y1,¥2,¥3) =f(¥1, Y2, ¥3)
Ar=(s+nE[XIY,=y,, V=, V3= y;]}. (2)

Clearly the following function minimizes C(f): f(y;,y,,y3)=1
precisely when the expression within braces in (2) is negative.
The function f so defined is a threshold function since explicit
computation readily shows that E[X|Y,=y,, Y, =y,, Y;=y,]
is a monotone function of the sum y, + y, + 5. a

Proof of Proposition 1: By Lemmas 1 and 2, we assume
without loss of generality that AY' = AY2=A">=(a,q) and that
the function f i§ a threshold function. Furthermore, by symme-
try, we need only consider the case where f has the form
fuya,y)=1y 4y 4y 54 for some integer k. If k<0 or
k>4 then V is constant; so that AY € S(1/2)c S(m (a)). If
k=2 then f is the majdrity logic function; so that AY=
(m (a),m(a)) € S(m (a)). Only the cases k=1 and k =3 re-
main, and by symmetry we need only consider one of these two
cases. Hence, suppose k =3 so that f is an anp function. We
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must show that (A}, AY) € S(m (a)) where A} =e+(1-2¢€)a’
and AY = € +(1—2€eXa3 —3a? +3a). We will show slightly more
—namely that AY is in the region bounded by the triangle with
vertices (m (a),m (a)), (0,1), and (1/2,1/2). It is easy to verify
that AY > A and that A}, + AY <1, so it is enough to show that

Xo+m(a)(A] - A%5) = m(a), 3

and it is sufficient to check the inequality for e =1/6 because
m (a) is increasing in € for 0 <a <1/2. Substituting 1/6 for €
and expressing each variable in terms of a gives

)‘16 + ml/G(a)(/\}l/— )‘YO) - ml/s(a)
1 24% 1

2
= o+ 5+ o3 [1+40a7 ~20%)] 3a -3a%)

——;—[1+4(3a2—2a3)]

3
84 —20a* +18a* —7a% +a S(a_i) (a-1)a
B 3 = 3 .

The last expression is nonnegative for 0 < a <1/2, and Proposi-
tion 1 is proved. (m]

IV. CompPUTING wiTH (PRECISELY ) €-Noisy
GaTes —PosiTive RESULT

The following converse to Proposition 2 is proved in this
section.

Proposition 3: Let 0 <e <1/6. There exists § <1/2 such that
any Boolean functiod cdn be computed by a formula built from
€-noisy 3-input gates with maximum error probability less than
or équal to 6.

Fix e with 0 <e<1/6 for the remainder of this section.
Consider a formula corresponding to a balanced ternary tree
with L layers of é-noisy 3-input majority logic gates. Fix x €
{0,1); let UQ1), - -,UBL) be independent (given x) inputs to the
formula and let Y be the output. View the U’s as noisy versions
of x. If PUG)# x]=r for all i, then P[Y # x]=mZL(r), where
mt was defined in Section IL In general, by induction on L,
we see that P[Y # x] is a monotone increasing function of
(P[UG)+ x]: 1 <i<3L) in the componentwise order. Thus, if
for some .6 <1/2 we have P[U(i)+ x]€[0,8] for all i, then
P[Y # x]€[mL(0), mL(8)). As L tends to infinity the interval
[mL(0), m1(8)] shiinks to the point 7, where 7 is the unique
point in (0,1/2) with n =m(n). Thus, dfter several stages of
e-noisy majority logic stages, the output error probability is close
to n. This fact will be used in the proof of Proposition 3. The
output error probability can be brought close to 7, not just
close;to-or-lesé—than 7, because our gates are modeled as reli-
ably unreliable as discussed in the Introduction.

Ahy Boolean function can be computed by a formula built
using only noiseless 2-input NAND gates. Such gates can be
obtained by ignoring entirely the third inputs of 3-input gates,
but ahother idea in the proof of Proposition 3 is to use all three
inputs to provide some error protection during a computation
step. To this end, let xNAND be the 3-input Boolean function
defined by xnanD =1 for arguments (0,0,0), (1,0,0), (0,0,1) and
(0,1,1), and xNaND = 0 otherwise. Consider computing
NAND(x, y) where x, y €{0,1}. Suppose that; for (x, y) fixed, X,
Y, and Y, are independent Bernoulli random variables. Think
of X as a noisy version of x, and Y; and Y, as noisy versions
of y.

Lemma 3: There is a § <1/2 and an open interval / with
nelcl0,1/2] so that the following is true. If P[X # x],
PlY,#y), P[Y,#yl€l, and if Z is the output of an e-noisy
XNAND gate with input (X,Y,,Y,), then P[Z # nanp(x, y)] < 8.
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Proof: Using the fact that 5 <1/2 and considering the four
choices for (x, y) separately, the reader can readily check that
P[Z #NanD(x,y)1<1/2if P[X # x]= P[Y,# y]=P[Y, # y]=
m. The proof is finished using the fact that P[Z # NanD(x, y)] is
a continuous function of (P[X # x], P[Y,# y], P[Y,# y]) for
each value of (x, y). m}

Proof of Proposition 3: Use 8 and I from Lemma 3, and
choose L so large that [mf(O),mf(&)]CI. Given an arbitrary
Boolean function, the network required for the proof is de-
scribed as follows. Start with a formula for computing the
function using only noiseless 2-input Nanp gates. Replace the
constituent NAND gates by XNAND gates one at a time, in order
of nonincreasing depth from the final output, as follows.

Focus on the replacement of a particular NAND gate. Before
replacement its inputs are provided by two smaller formulas, say
formula A and formula B. Define an L-corrected version of a
formula to be the new formula formed by feeding 3% indepen-
dent copies of the formula into a full L-layer formula of 3-input
€-noisy majority logic gates. The new e-noisy XNAND gate needs
three inputs. For the first, use the output of an L-corrected
version of formula A. For the second and third, use the outputs
of two independent L-corrected versions of formula B. The
replacement of a particular NAND gate, and hence the complete
modified formula, is specified.

Argument by induction, together with Lemma 3, yields the
following: The output of any XNAND gate in the modified for-
mula differs from the output of the corresponding NAND gate in
the original formula, with probability at most 8. This is true in
particular for the final output, and Proposition 3 is proved. 0O

V. CONCLUSION

Propositions 2 and 3 together establish that e =1/6 is the
critical value for computation by formulas of e-noisy 3-input
gates. Perhaps some sort of correlation inequality might yield an
extension to networks. The positive result in [3] and Proposition
2 together establish that the critical value of € for computation
by formulas of “e-noisy-or-better” 3-input gates lies somewhere
in the interval (0.08415,1/6).

An interesting open problem is to close the gap between
positive and negative results on the depth of reliable formulas
for small e. For € close to zero, von Neumann [6] showed that
computation by e-noisy 3-input gates can be accomplished by
adding to a network correction layers that account for a fraction
of the total depth of the network that is asymptotic to
2/log,(1/¢€), whereas the results of Feder [1] show that for
some functions the fraction must be at least 2¢ /log, 3. For
example, if € = 0.001, then we know that if roughly 31% of the
stages are correction stages then reliable computation is possi-
ble, while from Feder’s result we know that the additional stages
due to error correction must be at least 0.2% of the whole.
These bounds differ by more than a factor of 100. Unfortu-
nately, it is not clear that our method can be used to close this
gap.
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On the Number of Points on Shells for Shifted
Z*" Lattices

Paul Fortier

Abstract —A conjecture is proven on the number of points on shells
for the shifted Z* and the shifted Z® lattices. We also find an expres-
sion for the number of points on shells for any shifted Z 4n Jattice.

Index Terms—Integer lattice, theta series, multidimensional signal
sets.

I. INTRODUCTION

In [1, p. 107] Ruiz notes that not all shells of points on
Z?+(1/2,1/2) have Points on them. However, he conjectures
that for the shifted Z* and Z?® lattices, all shells have points on
them. In this correspondence we prove, using arguments from
number theory, that this conjecture is true. We also extend it to
any shifted Z*" lattice. This result has applications in the design
of multidimensional signal sets.

II. SHELLS ON THE SHIFTED Z”" LATTICE

In two dimensions, the squared radius of a shell of points is
given by

r,=2(k—-1)+05, k=1,2,---.

Thus the first shell has a squared radius of 0.5, the second
shell has a squared radius of 2.5, and so on. Not all shells have
points on them. For example, the sixth shell with squared radius
10.5 contains no points. In other words there are no pairs (x, y)
of half integers such that x2 + y?=10.5. :

In four dimensions the squared radius of a shell of points is
given by

re=2k-1, k=12, 1

and in eight dimensions it is given by
re =2k, k=1,2,---. (2)

Ruiz [1, p. 107] has conjectured that all the shells in 4-D and
8-D contain points.
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