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Link Scheduling in Polynomial Time

BRUCE HAJEK, SENIOR MEMBER, IEEE, AND GALEN SASAKI, MEMBER, IEEE

Abstract —Two polynomial time algorithms are given for scheduling
conversations in a spread spectrum radio network. The constraint on
conversations is that each station can converse with at most one other
station at a time. The first algorithm is strongly polynomial and finds a
schedule of minimum length which allows each pair of neighboring stations
to directly converse for a prescribed length of time. The second algorithm
is designed for the situation in which messages must be relayed multiple
hops. The algorithm produces, in polynomial time, a routing vector and
compatible link schedule which jointly meet a prespecified end-to-end
demand, such that the schedule has the smallest possible length.

1. INTRODUCTION

PARTICULAR model [2] for the problem of
Ascheduling conversations between pairs of stations in
a spread spectrum packet radio network will be consid-
ered. The main constraint imposed is that each station can
converse with at most one other station at a time. This
model is motivated by the fact that spread spectrum modu-
lation enables multiple conversations to occur at the same
time and place. In contrast, in a single-frequency narrow-
band system, conversations can interfere with each other
even though the stations participating in different conver-
sations are disjoint. This may quickly lead to NP-complete
scheduling problems [1], so exhaustive search may be nec-
essary [18].

Our two main problems, link scheduling to satisfy link
demand and link scheduling to satisfy end-to-end demand,
are described in Section II. Grotschel et al. [7] showed that
the problem of link scheduling to satisfy link demand has
polynomial time complexity (see discussion in Section V-A
below). In Section III we show that the problem also has
strongly polynomial time complexity by providing a
strongly polynomial algorithm. To define “strongly poly-
nomial,” we define the dimension of the input as the
number of input numbers plus the number of bits in the
description of the combinatorial structure of the problem
instance We assume the input numbers are rational and
define the precision of a set of rational numbers to be the
smallest integer m such that every number in the set can
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be expressed as the ratio of two integers, neither of which
exceeds 2” in magnitude. An algorithm is strongly polyno-
mial if it consists of arithmetic operations (addition, multi-
plication, division, and comparison) and data transfers:
the numbers of these operations is polynomially bounded
by the dimension of the input; and the precision of the
numbers appearing in the algorithm is bounded by a
polynomial in the dimension and precision of the input.

In Section IV we address the problem of joint routing
and scheduling to satisfy end-to-end demand using multi-
ple hop communication. First, a polynomial time algo-
rithm for this task which minimizes the schedule length is
provided. We then show that, under a certain simplifying
assumption, the routing and scheduling problems can be
decoupled to a large extent, without increasing the sched-
ule length. Final remarks are collected in Section V.

II. LINK SCHEDULES

A. Link Schedules and Link Demand Vectors

A finite set of communication stations, henceforth called
nodes, is indexed by a set N. A link is an unordered pair
[i, k] of nodes. Let E be the set of links [i, k] such that
stations i and k can carry on a conversation. The pair
(N, E) is called a graph. For each i € N, let E(i) be the
set of all links in E incident to node i (i.e., all links of the
form {i, j]), and let [W] denote the cardinality of a set W.

We say that a link is active if one of the two nodes in the
link is transmitting to the other. Given a set of links M, all
links in M can be simultaneously active if no two links in
M have a node in common. A set M satisfying this
condition is called a matching.

A schedule S is an indexed family S = (M A% a € A4),
where the index set A is an arbitrary finite set, A*> 0 for
each @ and M* is a matching for each a. The indicator
vector I( F), for any subset F of E, is the vector in RE
defined by

1, ifee F
IE(F)“{O, ifee E—F.

Using this notation, we define the length 7 and the de-
mand vector f € RE of the schedule S by

=Y X\ (2.1)

and

f=2XX1(M°). (2.2)
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Example 1: Consider the graph (N, E) where N=
{1,2,3,4,5) and E = {[1,2],[2,3],[3,4},[4,5],[5,1]}. We will
give two different schedules, S and S’, such that f,=1 for
all e€ E for both schedules. Schedule S has the five
matchings {1,3},{2,4},{3,5},{4,1},{5,2} with corre-
sponding values A* equal to 0.5 for all a. Schedule S’ has
the three matchings {1,3},{2,4},{5} with corresponding
values A* equal to 1.0 for all a. Note that S has length 2.5,
while S’ has length 3.

We will give three (of many) possible interpretations of
a schedule S= (M X% a€ A4), its length 7+ and demand
vector f.

Interpretation 1: The two nodes of each link have some
information to be transferred between them. Suppose that
a typical link e must be active for f, seconds to complete
the transfer. Then all information transfers in the network
can be completed during a time interval of length 7 sec-
onds as follows. The interval is partitioned into subinter-
vals indexed by A4 such that the ath subinterval has dura-
tion A% During the ath subinterval, links in M* are
designated to be active. Thus a given link e is active
during all subintervals corresponding to a with e € M* or,
equivalently, for a with I,(M®) =1. Hence, link e is active
for a total of f, seconds, as desired.

Interpretation 2: All stations have the same maximum
transmission rate 7 bits/s and the network is considered
over a large (essentially infinite) interval of time. A typical
link e will be alternately active (one of its nodes transmit-
ting to the other at maximum rate) or not active, such that,
in the long run, the nodes in link e exchange information
at an average rate f, bits/s. This is accomplished as
follows. The time axis is divided into frames of duration T,
where T is an arbitrary positive constant. Each frame is
partitioned into a set of subframes indexed by 4 such that
the ath subframe of each frame has length A“T/r seconds.
The links in M* are designated to be active during the ath
subframe of each frame. Thus, during each frame, link e
will be active for

LI(M*)XT/7=[T/r

seconds, during which f,7 bits can be exchanged. The
long-run-average transmission rate for link e is hence f,
bit/s as desired.

Interpretation 3: Here, as in Interpretation 2, nodes
transmit repeatedly over a long period of time. Suppose for
a given link e ={[i, k] that node i needs to transmit to
node k at the long-run average rate S, and node k needs
to transmit to node i at the long-run average rate S,
Suppose the maximum rate of transmission from i to k
(resp. k to i) is C, (resp. C;;). Then link e must be active
a fraction f, of the time in the long run, where

Si  Su

Cik Cki -

fo= T
If the schedule length 7 is less than one, then the demand
can be met in the manner described in Interpretation 2,
except that now the length of the ath subframe of each
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frame is A*T seconds, and an additional subframe of
length (1— 7)T is included in each frame during which no
links are active. Then, link e will be active for f,T seconds
of each frame, which translates to being active a fraction f,
of the time in the long run.

We call any vector f in RE with £, >0 for all e a link
demand vector. Given such a vector f, we let 7(f) denote
the smallest possible length of a schedule which satisfies
demand f. In Section III we describe how to compute
7(f) and a corresponding schedule, for a prespecified link
demand vector f.

Under Interpretation 1, this allows a prespecified (by f)
amount of information to be exchanged in minimum time.
Under Interpretation 2, this enables a prespecified set of
time-average transmission rates to be achieved, using the
smallest possible maximum transmission rate. Finally, un-
der Interpretation 3, this enables a prespecified set of
time-average transmission rates to be achieved subject to a
prespecified set of maximum transmission rates, if it is
feasible to do so.

Remark: Coffman et al. [4] studied a problem similar to
the one studied here. Their point of view is similar to our
Interpretation 1. However, they assume that the informa-
tion to be transferred is grouped into files, and that once a
node begins transmitting a file, it must continue to do so
without interruption until the file transmission is complete.
They show that, even in very special cases, the problem of
minimizing the system completion time is then NP-com-
plete, and they give several efficient algorithms for obtain-
ing approximate solutions.

B. Scheduling Links to Satisfy End-to-End Demand

Typically, much of the traffic entering a packet radio
network must be routed several hops. The flow of traffic in
the network determines the demand on individual links,
which in turn determines which link schedules are ade-
quate. The flow of traffic is usually not uniquely deter-
mined by the end-to-end traffic requirements. In this
section we address the problem of finding, for a given
end-to-end demand vector, a traffic flow vector leading to
the shortest length schedule.

For each i and j in N suppose that r,(j) denotes the
rate (in bits/s) of the stream of traffic that enters the
network at node i and which is ultimately destined for
node j. We assume that each rate r,(j) is nonnegative, and
that if 7 is equal to j then the rate is zero. The vector r is
called an end-to-end demand vector. A multicommodity
flow vector satisfying the end-to-end demand r is a vector
u, u=(uy(j): i, j, k € N), where

r(j)+ Z uki(j)_ Z uy (j) =0,

keN keN
foralli,jeNand i+ j
u,(j)=0, u,(i)=0, foralli,jkeN
u,(j)=0, . foralli,j,keNand[i,k]¢E.

Thus u,,( j) denotes the traffic on link [/, k], directed from
i to k, and destined for node j.
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The multicommodity flow vector u determines a link

demand vector f(u), f(u) = (f.(u): e € E), where

f[,-,k](“) = Z (”ik(j)+ uki(j))'
JEN

Thus, for each (undirected) link [i, k] in E, f|; ,,(u) is the
total rate of traffic flow directly between nodes i and k,
summed over both directions. This definition of f in terms
of u is consistent with Interpretation 2 of link demand
vectors. Each f,(u) denotes a desired long-run average
transmission rate, and the corresponding minimum sched-
ule length 7(f(u)) is the transmission rate (for all active
links) sufficient to satisfy the end-to-end demand.

In Section IV we address the following problem. Given a
graph (N, E') and an end-to-end demand vector r, find a
multicommodity flow u which minimizes the minimum
schedule length 7( f(u)), subject to the constraint that u
satisfies the specified demand r.

Example 2: Suppose that N = {1,2,3,4} and that any
pair of stations can converse. Let the end-to-end demand
vector be

r(2) =r,(3) =nr,(1) =1, other r,(j)’s zero.

(2.3)

An obvious routing vector is given by
u15(2) = uy3(3) = u3(1) =1, other u,,(j)’s zero.

which leads to 7(f(u)) =3. However, the routing vector
given by

u1(2) = uy3(3) = u34(1) =uy(1) =1, other u,(j)’s zero

leads to 7( f(u)) = 2. Thus even when all sources are next
to their destinations, indirect routes and forwarding can
lead to a smaller value of 7( f(u)).

Remark: An alternative end-to-end demand problem re-
sults by using Interpretation 3 instead of Interpretation 2.
We then assume that a set of maximum transmission rates
(C,i: i,k € N)is given. We would set

1 1
fuw(@) = X+ == L (i), (24)
ik jeN ki jeN
and then the condition 7( f(u)) <1 indicates that the end-
to-end demand can be met with the prespecified set of
maximum transmission rates.

III. COMPUTATION OF SHORTEST LINK SCHEDULES
IN POLYNOMIAL TIME

A. Link Scheduling as a Linear Programming Problem

In this section we prove the following.

Proposition 1: Given a link demand vector f, a) 7(f)
can be computed using O(|N|*) computations. and b) a
schedule of length 7( f) satisfying demand f can be com-
puted using O(|E||N|*) computations.

Remark: Ogier [14] recently used a decomposition
method to obtain an algorithm for finding a schedule
of length 7(f) with the improved time complexity
O(IE|IN|*).

We begin the proof of Proposition 1 in this subsection
by showing that 7(f) can be obtained by solving a linear
programming problem due to Edmonds [5]. In Sections
III-B and -C we complete the proof of parts a) and b) of
Proposition 1, respectively. We define the degree of f at

node i by
r L

e € E(i)

and define the maximum degree d(f) of f to be the
maximum of d(f,i) over all i. Obviously, d(f)<7(f)
and d(f) can be strictly smaller than 7( f). For example,
if N has a total of three nodes and if the link demand for
each of the three pairs of nodes is one, then d(f)=2
while 7(f)=3. Let Q be a set of nodes such that the
number of nodes in Q is an odd integer. We call such a Q
an odd subset of N. Let s(Q) = (]Q|—1)/2 and let L(Q)
be the set of all links [4, j] such that i, j € Q.

Suppose that a minimum length schedule S = (M, A%
a € A) is given for a link demand vector f. Then, for any
odd subset Q, using (2.1), (2.2), and the fact that any
matching can contain at most s(Q) links from the set
L(Q), we have

Y f=

e€L(Q)

a(f,i) =

Y XNL(Me)

e€L(Q) «a

<XAs(0) =1(f)s(Q).
If |Q]=3 then dividing through by s(Q) gives us
(@7 L fos(f).

e€ L(Q)
By defining s(Q)™ 'Y, ;(p,f. = — o0 if |Q|=1 the above
inequality gives us 7(f) > Z(f) where

Z(f) =max{s(Q)'1 Y f:Qisanodd subsetofN}‘

ee L(Q)

Both Z(f) and d(f) are lower bounds to 7(f).
Lemma 1 (Edmonds): For any link demand vector f,

7(f) = max {Z(f), d(f)}.

Proof: (f) is the smallest number a such that a~!f
is in the convex hull of the set {I(M): M is a matching
of E}. This convex hull is, according to Edmond’s famous
polytope theorem [5], [12, p. 256], equal to the set M
defined by M = {x € RE: d(x) <1 and Z(x) <1}. It fol-
lows that

7(f) =min{a: d(a"'f) <land Z(a"Yf) <1}
=min{a: d(f)<aand Z(f)<a}
=max {d(f),Z(f)}.

Since the number of odd subsets Q of N grows exponen-
tially with |N|, Lemma 1 by itself does not imply that 7( f)
can be computed with a number of computations growing
as a polynomial in |N|.

We leave it to the reader to deduce the following corol-
lary from Lemma 1. We will not be using the corollary.
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Corollary: a) 7(f)=d(f) if {e:f, >0} is the set of
links of a bipartite graph; b) 7(f) <3d(f)/2; O)7(f) <
d(f)+max{f: e€E}.

Remark: 1f a demand vector f has zero-one valued
coordinates then 7(f) is known as the multichromatic
index, or fractional chromatic index, of the undirected
graph with link set {e: f,>0}. Lemma 1 has been used to
obtain simple (but more elaborate than those in the corol-
lary above) bounds on 7(f) in this special case [6, sect 19],
[19]. Part b) of the corollary can be deduced from
Shannon’s, similar result for chromatic indices [17], and
part.c) of the corollary can be deduced from Vizing’s
theorem (3, p. 260]. C

Lemma 1 immediately yields the following expression
for 7( f), which shows how 7( f) can be found by solving a
linear programming problem:

v(f) = [max{p: Brem)]”’ (3.1)

where M, defined above, can be written as
M= {xeRF: x,20forallec E (M.1)
d(x,i)<lforallie N, (M.2)

Y x,<s(Q) forall odd subsets Q of N }. (M.3)
e€ L(Q)

The constraints of type (M.3) are called matching con-
straints, and as mentioned before, the number of these
constraints grows exponentially with |N|.

B. Computation of the Minimum Schedule Length

Part a) of Proposition 1 follows immediately from (3.1)
for 7(f) and the following lemma, by setting g=0 and
h=f.

Lemma 2: Let g, h € RE, where g is an indicator vector
of a matching and 4 is not the zero vector. Then the
following problem can be solved using O(|N|*) computa-
tions (we use a” to denote the transpose of a vector a).

(P) Compute a=max {B: g+ Bh € M} and return the
vector a and scalar b, where a”x < b is an inequal-
ity of M, a”(g+aH)="5b and a’h#0.

Remark: The hyperplane {x € R: a’x=b) separates
M and g+ (e+ a)h for all e> 0.

Proof of Lemma 2: To prove Lemma 2 we present an
algorithm, called SOLVE.P, and show that it solves P in
O(|N}*) computations. The algorithm first initializes the
parameter a>0 so that g+ ah& M. Whenever an in-
equality of M which g+ aH violates is found, « is de-
creased so that g + ah satisfies the inequality with equality
and the inequality is stored in registers a and b; ie,
a’x < b is the violated inequality of M. Since a and b
always correspond to an inequality previously violated by
g+ah, aTh+0.

Initialization of SOLVE. P: Find an e &€ E such that h, #
0. Such an e exists, since h# 0. Let a> 0 be such that
ah,+g,€[0,1].
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Note that ah + g & M. The rest of SOLVE. P consists of
two steps. Step 1 ensures that g + ah satisfies the inequali-
ties of (M.1) and (M.2), and that @ and b store an
inequality of M such that a’(g+ ah) =5 and a"h # 0.

Step 1 of sOLVE.P: For each inequality of (M.1) and
(M.2), do the following. If g+ ah does not satisfy the
inequality, then store the inequality in registers a and b
and reduce a so that g+ ah satisfies the inequality with
equality.

Since |E| < |N|? it is straightforward to show that the
initialization and Step 1 take O(|N|?) time. In Step 2 of
SOLVE.P we repeatedly look for a matching constraint
v.olated by g + ah. We then store this constraint in a and
b, and decrease a so that the constraint is satisfied with
equality. Since the number of matching constraints is
exponential in |N|, we do not check each of these con-
straints, as we do in Step 1. Instead, we use a method of
Padberg and Rao [15] which is based on a simple relation-
ship between violated matching constraints and minimum
odd cut sets.

Given a demand vector x and subsets A and B of N, we
define x(A4: B) by

x(A:B)= 3 X Xu
jEA jEB
Using the elementary relationship

Yd(y,i)=2 Y y+y(@Q:N-Q),

ieQ e€ L(Q)
it is easy to see that
’ Y r>s(Q) (3.2a)
ee L(Q)
if and only if
y(Q:N-0)+ ¥ (1-d(y,i))<1. (3.2b)

ieQ
Now (3.2a) means that y violates the matching constraint
of M that corresponds to Q. Thus, upon complete exe-
cution of Step 2 (described next), SOLVE.P will have
solved P.
Step 2 of SOLVE. P: Repeat until we stop. Let y = g + ah.
Let Q be an odd subset of N which minimizes

y(Q:N=-0)+ X (1-d(y.i)).
JEQ
If the minimum value is greater than or equal to one, then
stop. Otherwise, the inequality

Y r.<s(0)

e€ L(Q)

is violated. We store this inequality in @ and b and
decrease a so that the inequality holds with equality.
Since the initialization and the first step of SOLVE. P take
O(|N|?) computations, all that remains is to show that
Step 2 takes O(|N|*) computations. Padberg and Rao
show in [15, sec. 2] that the problem of finding an odd
subset @ to minimize (3.3) can be solved by finding an
odd cut set in a graph with node set obtained by adding

(3.3)



914

one more node to N. Padberg and Rao [15, sec. 1] also
show that the odd cut set problem can be solved by a
simple modification of the elegant Gomory and Hu method
for finding the minimum cut sets for all pairs of nodes in a
graph. The method requires at most |N| iterations, where
the main step in each iteration is to find a maximum flow
between two nodes in the enlarged network or a shrunken
version of it. Maximum flows can be found in O(]N|?)
steps, so that the body of Step 2 can be executed in
O(|N|?) steps.

Finally, to complete the proof, we show that the body of
Step 2 is executed at most |N|+2 times. We use the
following equivalence relation among odd subsets of N. If
Q and Q’ are odd subsets of N, we say they are equivalent

if ¥,(Q) = v,(Q"), where

7,(Q)=g(Q: N~ Q)+ ¥ (1-d(g,i)).

i€Q

Since g is the indicator vector of a matching, it is easy to

check that y,(-) takes values in the set {0,1,---,|N|}, and

hence that there are at most |N|+1 equivalence classes.
Since y = g + ah, the quantity in (3.3) is equal to

Y d(h,i)|.

reQ

(@) + a[h(Q: N-Q) -

Since v,(Q) is the same for all Q in an equivalence class, if
we restrict Q to lie in a fixed equivalence class, the set of
Q’s minimizing (3.3) does not depend on « as long as « is
positive. Thus the values of Q for distinct passes through
the body of Step 2 (excluding the final pass) are in distinct
equivalence classes. Since there are at most |N|+1 equiva-
lence classes, the body of Step 2 is executed at most {N|+2
times. This completes the proof of Lemma 2.

C. Computation of the Associated Minimum Length Schedule

Finding a link schedule of length 7(f) is equivalent to
finding the vertices of M such that a convex combination
of these vertices equals 7( ) 'f. These vertices of M can
be constructed using the following method used in the
proof of [7, theorem 3.9]. We construct a sequence
Xq, X1, *, X Of vertices, a sequence y,, y;," -+, y; of points
and a (possibly null, if J=0) sequence F}, F,,--, F, of
facets of M as follows. Let x, be the indicator of any
matching and let y,=7(f)"Yf. If x,=y, set J=0. Now
suppose that j>0, that if j>1 then x,, y, and F; are
defined for 1<i< j, and that x, # y, for i< j. If x, =y,
set J = j. Otherwise, let y,, be the last point of M on the
semi-line from x; through y, ie., y,,1=x;+a;(y;,—x)),
where aj—max{a x;+a(y,—x;)€EM}. Let a and b
be such that ajx <b 1s an 1nequahty of M, a: yIJrl bj,
and a](y,—x,)#0. Let Fo={

rxERE aj x—-b INM,
and let X be avertex of ;N -+ NF, It is slraight-

J+1
forward to prove by induction that x;, y, € F; for i > j,

T(f)”f is a convex combination of x,,* -+, x;, ¥, and the
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dimension of FyN---NF, is not greater than |E|-
Hence J < |E| and 7(f)!f is contained in the convex hull
of xy,- -+, x,. The vertex x;,, of ;N ---NF,, can be
obtained by solving the following problem

(3.4)

J
ax{ Y alx: xEM}.

i=0

We now show that this method takes O(|N|’| E]) compu-
tations. First note that the computation of x,, and y, takes
O(|N|?) computations, the number of computations it
takes to compute 7(f) (see Proposition 1-a)). Given y,
and x;, we know from Lemma 2 that a; . b;, and a; can be
computed in O(JN1{°) computations. It takes O(]E|) com-
putatlons to compute y,.; from x, y, and o It takes
O(|N|?) computations to find X, from {a; i < j}, since
the maximization of (3.4) is a maximum weighted match-
ing problem and there is an O(|N}*) algorithm to solve this
problem [12]. Thus the computation of x P Vp % a, , and
b; takes O(|N K ) computations for each ;. Slnce we com-
pute X Y @ 2 j» and b; only for j < J, the method will
take 0(|E|\N| ) computatlons

To find {A,- -, A;} such that ¥/ = T(f)’lf we
note that for O<j<J Y= (1—a‘1)x +a 'y, 1~ Thus

A=(Q- a Mloope a0t for j<J "and A,
| POy w1th the usual convention that the product of
an empty set of numbers is one. It follows that O(|E))
computations are needed to compute the A from the a

j .
Since a schedule that satisfies link demand f ijs

(M7, 7(f)A;: jE€({0,---,J}), where matching M/ corre-
sponds to vertex x;, the proof of part b) of Proposition 1 is
complete.

IV. SCHEDULING LINKS TO SATISFY
END-TO-END DEMAND

A. The General Case

Suppose that a graph (¥, E) and an end-to-end demand
vector r are given as described in Section II-B. For sim-
plicity we will use (2.3) to define the link demand vector
f(u) corresponding to a multicommodity flow vector u,
although Proposition 2 to follow can be modified for the
more general case where (2.4) is used.

Proposition 2: 1t is possible to find, using a number of
computations bounded by a polynomial in |N| and the
precision of r,

a) a multicommodity flow vector #* that minimizes
7( f(u)) subject to satisfying r, and
b) a link schedule for the link demand vector f(u*).

Proof: We only need to show how to find the flow
vector u*, since, by Proposition 1, the corresponding
schedule can be found in O(|N|7) steps once u* is found.
The problem of finding an optimal flow »* and its result-
ing schedule length a*, a* = 7(f(u*)), can be written as
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the linear programming problem P.
(P*) Find (@, u) in N, N K with a minimum a. where
N,={(&,@): & is a multicommodity
flow vector satisfying r },
K={(a,a): f(a)eaM},
aM = {dx: xeM}.

The number of linear constraints defining the set K is
exponential in |N|. Nevertheless, if a polynomial time
algorithm can be given for identifying a violated constraint
of N, or K, then the version of the ellipsoid algorithm
described in {11, proof of theorem 2] can be used to solve
problem P* in polynomial time. Hence the proof of
Proposition 2 will be complete once we prove the following
lemma.

Lemma 3: Given a network (N, E), an end-to-end de-
mand vector r, a multicommodity vector u, and a number
a, the problem P defined below can be solved using a
number of computations no larger than a fixed polynomial
in |N|and in the precision of r.

(P) If (a,u) € N.N K, then return “yes.” If not, then
return a triple (z, {, 0) that corresponds to a linear
constraint of N, or K which is violated (i.e., either
za'+¢Tu<@orz o/ +¢{Tu'=40 is a linear con-
straint of NN K and z-a+{Tu>6).

Proof of Lemma 3: Tt takes polynomial time to check
whether (a, u) € N, or to find a triple (z, {, 8) correspond-
ing to a linear constraint of N, that (a, ) violates, since
there are O(|N|?) linear constraints in N,. Thus the lemma
is true in the case that (a, u) is not in N,. Henceforth we
assume that (a, #) is in N,, so in particular u > 0 so that
f(u) is a valid link demand vector. Now (a, u) is in K if
and only if 7(f(u)) <a. Lemma 2 guarantees that both
7(f(a)) and a critical constraint from M showing that
7( f(u)) is indeed the minimum length of schedules for link
demand f(u) can be found in polynomial time. If 7( f(u))
< a we return “yes” for problem P. Otherwise, the linear
constraint (z, {, §) of N, which is violated by (a, ) can be
easily obtained from the critical constraint from M com-
puted for f(u).

B. Simplication for a Special Case

We continue to consider the problem of scheduling links
subject to an end-to-end demand. It will be shown that the
problem simplifies under the following assumption on the
network (N, E) and end-to-end demand vector r.

Assumption A: There is a subset T of N called the set of
terminals such that a) r;(j) = 0 unless i, j € T; b) nodes in
T have only one neighbor.

We call a multicommodity flow vector u loop-free if for
each j, the set of ordered pairs (i, k) such that u, (j) >0
does not contain any directed cycles.

Proposition 3: Suppose Assumption A is true, and sup-
pose that u is a loop-free flow satisfying the demand r.
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Then the minimum schedule length implied by u is deter-
mined by the maximum degree, that is, 7( f(u)) = d(f(u)).

Proof: Let Q be a subset of N with cardinality 2s +1
for some strictly positive integer s and let L consist of all
(undirected) links [i, j] with i and j in Q. By Lemma 1,

. we only need to establish that

L fo<sd(f).

eclL

(4.1)

Suppose first that Q contains no terminals. We establish

that
K

2s+1

L d(f,i)
ieQ

and this clearly implies (4.1). Consider a portion of traffic
of size € which is routed on a path through Q. Its contribu-
tion to the left-side of (4.2) is ke where k is the number of
links of the path which are contained in L(Q). Since the
flow is loop-free, we have k < 2s. On the other hand, its
contribution to the sum on the right side of (4.2) is at least
(2k +2)e because the portion of traffic visits at least kK +1
nodes of Q. Since k /(2k +2)is at most equal to 5 /(25 +1),
the contribution to the left side is at most equal to s/
(2s +1) times its contribution to the sum in the right side
of (4.1). Summing over all portions of traffic, we obtain
4.2). '

For the general case, we argue by induction on the
number of terminal nodes in Q. We have just established
(4.1) in the case that Q contains zero terminals. Suppose,
then, that J>1 and that (4.1) is true for any odd ( = 3)
cardinality Q containing at most J—1 terminal nodes;
consider a particular Q containing exactly J terminals.

Let i be a terminal node in Q. Let k be the neighbor of
node i if the neighbor of node i is in Q. Otherwise, let k
denote an arbitrary node in Q other than i. Let 0'=Q —
{i,k}, and let L’ consist of all unordered pairs [u, v] with
both u and v in Q’. Each e in L with f, > 0 is either in L’
or else it has k as an endpoint. Thus

L f=d(f.k)+ ¥ f.

ec L eel’

(42)

Y f<

e€L

By the induction hypothesis, the sum of f, terms on the
right side of (4.3) is at most (s —1)d(f), so (4.1) is true for
the given Q. This completes the inductive proof.

Remarks:

1) In some situations Assumption A can be made to
hold by enlarging the network model by adding terminals
in a natural way.

2) Proposition 3 is to be compared with Lemma 1.

3) As noted in the corollary to Lemma 1, the conclu-
sion of Proposition 3 is true if assumption A is replaced by
the assumption that (N, E) is a bipartite graph.

4) By Proposition 3, if Assumption A is true then the
problem of finding a flow vector and schedule of minimum
length subject to specified end-to-end demand can be done
in the following way. The first step is to find a multicom-
modity flow u which minimizes d( f(#)) among all multi-
commodity flows u satisfying the end-to-end demand. This
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is easily expressed as a linear programming problem with
O(|N|?) constraints, and it can be solved in polynomial
time by the ellipsoid algorithm. Next, the resulting multi-
commodity flow can be changed to a loop-free multicom-
modity flow satisfying the same demand and having the
same value of d(f(u)) (see [9], for example, for a polyno-
mial time algorithm). Finally, the algorithm of Section III
can be used to produce a schedule of minimum length.

V. VARIATIONS

A. Alternative Proofs of Polynomial-Time Complexity

If one is only interested in proving that a polynomial-
time algorithm exists for solving the scheduling problems
we have considered (without giving, as we did, a strongly
polynomial time algorithm), then several alternative ap-
proaches based on the ellipsoid algorithm are apparent
from [7]. As an extreme example, we can deduce from the
existence of Edmond’s maximum weighted matching algo-
rithm and [7, theorem 3.8] that there is a polynomial-time
algorithm for solving the following “separation” problem:

(S) If yeM, then return “yes.” If not, return an
inequality of M that is violated by y.

(As is apparent from our proof of Lemma 2, Padberg and
Rao’s method provides an O({N|*) algorithm for solving
(S).) Using the polynomial time algorithm for (S), the
ellipsoid algorithm or a simple binary search technique can
then be used to solve the problem (P) of Lemma 2 in
polynomial time. We must then explicitly include the pre-
cision of the input in the definitions of problem size.

B. Extension to More General Sets of Conversations

An allowable set of conversations in our network at a
given time is a matching. We can extend our polynomial-
time scheduling results by replacing matchings by b-match-
ings with upper constraints, i.e., elements of

B={xeRF: g,2x,20forallecE,
d(x,i) <b, forall i€ N, and x is integer }

where the b, and g, are positive integers. These constraints
might arise, for example, in a network where node i can
participate in up to b, conversations at a time, as long as
no more than gy, conversations are with node j.

Edmonds (see [5]) showed that B is the set of vertices of
B, where

B={xERE: g.zx,20forallecE;

Y x,<b forallie N,

ee E(i)
L xs( Lo+ ¥a-1)n
ee L(W)uT iew eeT

for all subsets T and W such that W C N,

Tc(W:N-W),and Y b+ Y, qeisodd}

iew eeT
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where (W: N —W) is the cut set furnished by W, ie.,
W: N-W)={[i,jl€E: ieW and jeN-W}.
Padberg and Rao [15] also consider b-matchings. Let b* be
the maximum of b, for i in N. By using results of [15] as
before, we can provide O(|N|°b*) and O(|N|(''b*) algo-
rithms, respectively, for computing 7(f) and correspond-
ing schedules, when b-matchings are used. Algorithms with
complexity polynomial in |N|, log b* and the precision of
the inputs can also be provided, using the methods de-
scribed in Subsection V-A.

C. Some Related Problems that are NP-Complete

A problem related to finding minimum length schedules
is to find an assignment of colors to the links of a graph
such that no two links with a node in common are of the
same color, and a minimum number of colors is used. This
problem is, in fact, a special case of the scheduling prob-
lem considered in [4], and the minimum number of colors
is called the chromatic index of the graph. As we already
remarked in Section III, the minimum schedule length
7(f) that we study is a generalization of the fractional
chromatic index of a graph.

Closely related to (and essentially more general than)
the problems of coloring and scheduling links are the
problems of coloring and scheduling nodes. The minimum
number of colors needed to color the nodes of a graph so
that no two adjacent nodes are of the same color is called
the chromatic number, and the minimum schedule length
needed to “schedule nodes” with demand one at each node
is called the fractional chromatic number. While the frac-
tional chromatic index can be computed in polynomial
time, the problems of finding the chromatic index [10], the
chromatic number [12], and the fractional chromatic num-
ber [7, p. 195] are NP-hard.

D. Practical Scheduling Algorithms

It is clear that faster, possibly nonminimum length,
scheduling algorithms should be sought. There is some
progress in that direction. Baker et al. [2] and Post er al.
[16] observed good performance in simulations of simple
greedy algorithms. Hajek [8] provided an O(|N|*) algo-
rithm which generates link schedules of length at most
(3/2)d(f): such schedules are at most S0 percent longer
than the minimum possible length. Finally, Coffman ez al.
[4] provided simple algorithms for their related scheduling
problem which provide schedules at most two to three
times longer than the shortest possible.
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