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Evaluation of an Achievable Rate Region
for the Broadcast Channel

BRUCE E. HAJEK anp MICHAEL B. PURSLEY, SENIOR MEMBER, IEEE

Abstract—The problem of transmission of separate messages to each of
two receivers over a general binary-input broadcast channel is investigated.
A new approach to a class of information-theoretic problems is developed
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variables. These bounds permit the calculation of two different regions of
achievable rate pairs which are derived from the Cover—van der Meulen
region . of achievable rate triples. Numerical evaluation of these regions
of rate pairs for two examples demonstrates that the region % can be
enlarged. This enlargement is accomplished by making A internally
consistent, as the true capacity region must be. The results display
complex interactions between common and separate information in broad-
cast problems.

I. INTRODUCTION

EARLY four years ago T. M. Cover and E. C. van

der Meulen independently established an achievable
rate region %R for the general discrete memoryless broad-
cast channel (see [3] and [12]). The general broadcast
situation, which van der Meulen [12], [13] refers to as
situation (K, III), involves the transmission of separate
messages at rates R, andR, to each of two receivers and
transmission of a common message at rate R, to both
receivers. The general broadcast channel problem is to
find a computable characterization of the capacity region
R *, which is the set of all rate triples (R, R,, R;) such that
the messages can be transmitted reliably over the broad-
cast channel.

There were two key problems left open by Cover and
van der Meulen. Eirst, they did not show that ¢} is the
true capacity region (i.e., no converse was given). Second,
they did not demonstrate that 4 is computable; that is,
they did not establish bounds on the cardinalities of
certain auxiliary random variables.
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Even before the papers of Cover and van der Meulen
appeared, both of these problems had already been solved
by Gallager [5] for an important special case known as the
degraded broadcast channel (see also the work of Wyner
[14] and Ahlswede and Korner [1]). However, both the
determination of R * and the question of the computabil-
ity of & remain unsolved for the general case.

The present paper makes a contribution to both of
these problems. We are primarily interested in the broad-
cast situation in which there is no common message. In
this situation, termed situation (K,I) by van der Meulen
[12], [13], two separate message components are to be
transmitted, and each component is of interest to only one
receiver. This is an important problem in its own right,
and we feel that its solution will be a major step toward
the solution of the general broadcast problem. A rate pair
(R, R,) is defined to be achievable for this situation if
(R}, R,,0) is an achievable rate triple.

The most obvious region of rate pairs to consider is the
set R, of all (R, R,) such that (R,,R,,0)€R . This is the
region presented by van der Meulen [12, eq. (30)] for
situation (K, I). One contribution of the present paper is to
show that %R, (and hence R ) can be enlarged by employ-
ing a more general method of extracting an achievable set
of rate pairs from the Cover-van der Meulen region. A
larger region is the set R of all rate pairs of the form
(R, +S,R,+ S,), where §,20 (i=1,2) and (R,R,, S+
SHEY %, While it is clear from the definition that the
region GRO is achievable,' it is not clear that there is a
broadcast channel for which @10 is strictly larger than R,.
That this is indeed the case will follow from our results on
the computation of R,. The main result of this paper is
the proof that for binary-input broadcast channels, the
regions A, and R, are computable. This amounts to
obtaining bounds on the range of certain auxiliary ran-
dom variables. For situation (K, I) such bounds have
previously been obtained only for the degraded broadcast
channel [5]. Bounds have also been obtained for the
transmission of degraded messages (situation (K,II) of
van der Meulen [12], [13]) by Kdrner and Marton [10].

! Achievability of the region @0 follows from the observation that the
common message capability of a code can be shared between the two
separate message components (provided there is no requirement for
confidentiality of the messages).
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As an application we compute R, and %R, for two
examples, and we find that there are pairs in A, which are
not in Ry. A side result of this fact is that A can be
enlarged. Indeed, if we define & to be the convex hull of
the union of A with the set of all (R,,R,,0) for which
(R,Ry)E Gﬁo then ® will be strictly larger than R
whenever Gﬂo is strictly larger than %, (since the latter
condition implies that the intersection of R with the
R,=0 plane is strictly larger than the intersection of &
with the R,=0 plane).

In the present paper we do not prove any new random
coding theorems. Instead, we show by actual calculation
of R,y and R, that there is something to be gained from
the more general method of extracting rate pairs from & .
The result that %, is strictly larger than R, for some
channels is new. This fact was previously unknown prim-
arily because both regions were never before calculated
for the same channel. The obstacle was the lack of bounds
on the cardinalities of auxiliary random variables needed
to compute R, and @0 An agdditional result obtained in
the paper is a new alternative characterization of the
region 9, for the general broadcast channel.

A few months after the submission of our original
manuscript, Gelfand [6] obtained the capacity region for
the Blackwell channel [12]. One of the referees has stated
that this result and other more recent results of Gelfand
and Pinsker [7] and of Marton [11] show that at least for
deterministic broadcast channels the region %, is not the
capacity region. However, 9, is the capacity region for
some class of broadcast channels, and this class contains
all of the degraded broadcast channels. Furthermore, %,
is an inner bound to the capacity region for any discrete
memoryless broadcast channel. Hence evaluation of %y is
of considerable importance for at least two classes of
channels: broadcast channels for which %4, is the capacity
region and broadcast channels for which the capacity
region (or a tighter bound to the capacity region) either is
unknown or is not computable.

In addition to the specific results described above,
another contribution of the paper is our new approach to
the broadcast channel problem that is employed in Sec-
tion II. This approach is based on a representation theory
for the auxiliary random variables that aris¢ in the infor-
mation-theoretic descriptions of R, and R,. The basic
idea is that the original auxiliary random variables are
represented by simpler random variables in a way that
preserves certain key properties of the joint distribution of
the auxiliary and broadcast channel random variables
(e.g., see Theorem 1). The applications of the representa-
tion theory that arise in the paper (the proofs of Theorems
1-3) require somewhat less than the full generality of the
theory as presented in our recent report [8]. Hence only a
simplified version is given here, and this version is devel-
oped as needed in the proofs of Theorems 1-3 rather than
as a separate topic as in [8]. We feel that the representa-
tion theory is useful for a much broader range of informa-
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tion-theoretic problems than the broadcast channel prob-
lem considered in this paper.

A. The General Broadcast Problem: Notation and
Preliminaries

A two-receiver discrete memoryless broadcast channel
K =(%,p,,py Y, %Y,) consists of a finite “input” alphabet
%, finite “output” alphabets %Y, and ¥,, and transition
probability functions p,(ilk) and p,(j|k) defined for k€
X,i€%,, and jEY,. Let %", U, and %} denote the sets
of n-sequences with elements from %, ¥,, and %,, re-
spectively, and let p{' and p; denote the nth-order mem-
oryless extensions of p, and p,, respectively. An
(n,M,,M,,M,e) code for the channel consists of M=
M, M, M, codewords x;; eEX", M 1My dlS_]Olnt subsets @, ,
c Uy, and M,M, disjoint subsets ‘ﬂa kc”yz, l<1<M1,
1<j<M,, 1 <k<M,, such that

M~ X ( 2 i)+ X pz"(ylx,-,»k)) <e.
ijk \y€Ediy Y E B«

A triple (R|,R,, Ry) is achievable if for each €>0 there

exists an (n, M,, M,, M ¢€) code with n~! log M, >R, —¢,

i=0,1,2. Throughout this paper logarithms will be to the

base two.

The broadcast channel, as just defined, models a single
sender broadcasting information to two receivers. A rate
triple (R, R,, Ry) is achievable if the sender can transmit
separate messages reliably to the first receiver at rate R,
and to the second receiver at rate R, and can simulta-
neously send a common message sequence to both re-
ceivers at rate R,

Auxiliary random variables are introduced through the
notion of a test channel. A random vector (U,X) is
defined to be a fest channel for the broadcast channel
K =(C,py,0, %, %,) if the components of the random
vector U are mutually independent and if the random
variable X has range .. The components U, of U are the
test channel inputs. The range of U, is denoted by %, and
is called the alphabet for the ith input to the test channel.
Given a test channel (U,X), we say that the random
vector ¥Y=(Y,,Y,) is an output of the broadcast channel
K if, for each i=1,2,

P[ Yi=jlx=k] =p,(jlk)

for ke®X,je%,, and if (U,X,Y) is a Markov chain (i.e.,
U and Y are conditionally independent given X). The
vector (U, X, ¥) may be considered to be a cascade of the
test channel (U, X) with the broadcast channel K. Given
a set D of test channels, we denote by D K the set of all
(U,X,Y) such that (U,X)€ and Y is an output of K
corresponding to input X.

Let & (respectively, (’P) be the set of all test channels
(U.X), with U=(U,,U,) (respectively, U=(U,, U,, Uy)),
such that the test channel input U has finite range. The
Cover-van der Meulen region of achievable rate triples is
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the convex closure of all rate triples (R, R,, R,) for which
there exists some (U, X, Y)€P K such that

R <I(Up Y| Uy),
R, <I(Uy; Y,|Up),
Ry < min {{(Uy; Y,|U)), I(Uy; Yo|U)},
R+ Ry <I(U, U3 Y)),
and
Ry+ Ry<I(Uy, Uy 1),

Throughout the paper R denotes the real line, and R,
denotes the nonnegative real line. If X and Y are random
variables, X~Y means that X and Y have the same
distribution.

B. The Broadcast Situation with No Common Message

The projection of ® on the Ry=0 plane yields the
two-dimensional region ®R,. An alternative description of
@R, given by van der Meulen [12] is Ry =co C(¥), where
“co” denotes convex hull, “co” denotes the closure of the
convex hull, and
C(D)={(R,, RY|R, <I(U;; 1)),

R, <I(Uy; Y,),(U,X,Y)ED K}
for any set @ of two-input test channels for the broadcast

channel X.
The region R, which we have defined by

Ro={(R,+ S, R, + 5,)|S,>0,5,>0,
(R, R, S+ S,)ERY,

has the following very useful alternative characterization
which is proved in Appendix A.
Proposition 1: If C is the set of all rate pairs (7},7,)
such that
T\ <I(U,, Uy 1)),

T,<I(U, Uy Ys),

(1
2
and .
T+ T, <I(Uy; Y| Up) + I(Uy; Y| Up)

+min {I(Uy; Y,),1(Up; Y2)},
then éio=56 C.

For the general two-receiver binary-input memoryless
broadcast channel, we will show (Theorem 3) that %R, can
be calculated by considering only those test channels
((U,, Uy, Uy, X) for which Uy is binary, U, and U, are
ternary, and X is a (deterministic) function of (U, U,, Uy).
The proof of this employs a similar result for %, (Theo-
rem 2); namely, R,=%R, £ co C(P,), where P, is the
collection of test channels (U,, U,),X)E® such that U,
and U, are binary and either X =U,AU, or X=U,VV U,
(where “A\” denotes minimum and *“\/” _denotes maxi-
mum). In fact, the proof of the result for R, is essentially
an extension of the proof of the result for @A,. Indeed,
there are only four basic information quantities involved
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in the above characterization of @0 :I(Uy; Y)) and
I(U; Y,|Uy), for i=1 and 2. Roughly speaking, after
selecting U, to make the quantities I(Uy; 1Y) large, the
remaining problem of maximizing I(U;; Y,|Uy) is equiv-
alent to the maximization of the quantities I(U; Y),
which we also encounter in computing Ry,

II. CARDINALITY BOUNDS FOR R AND %R,

In this section we will consider the regions %R, and @0
for a general two-receiver binary-input memoryless broad-
cast channel X =({0,1},p,p,, ¥, ¥,). We begin with an
alternative characterization of R, =co C(?). For A€ R%
define

c(A)=sup {®\(U,X)|(U,X)EP)

where

(U, X) 2N I(Us Y)+0,1(Uy; 1) (4)
where Y is any output of K corresponding to the test
channel input (U,X). Then @R, is the collection of pairs
(R,,R,)ER% dominated by the family of lines {Ax,+
A, x,=cA)AER? ). To prove that Ry= R, we need only
show that given AER?% and (U,X)E P, there exists a
(U*, X*)eP, such that ®,(U,X)<P\(U* X*). Our ap-
proach will be to first “reduce” the cardinality of the
range of U,. That is, we will produce (U*,X*)E%P such
that U, and U} have the same distribution, U is binary,
X* is a function of U*, and ®,(U,X)<®,\(U* X*). A
second application of this procedure will then prove that
U?¥ can also be chosen to be binary. Finally, we show that
(U*,X*) can be chosen so that either X*=U}\/ U5 or
X*=UrA\U¥ (e, (U*,X*)EP,), which establishes the
result Ry=R,. Let A€R: and (U,X)E?P be fixed
throughout this section.

Let 9, and 9, denote the ranges® of U, and U,, and
suppose ||, ||=n and ||GZL2|| =m. By “relabeling” we can
suppose that U, ={1,---,n}, W, ={1,---,m}, P[X=1|U,
=/] is nonincreasing in i, and P —1|U2 =] is nonde-
creasing in j.

Before exhibiting the random variables (U*, X*), we
will construct an intermediate pair of random variables
(0,)? ) contained in a subset &P, of ¥. Let J, be the
collection of all tER” such that 1>¢ > >1,>0, and
let §, be the collection of all n-dimensional probability
vectors For convenience let so=1,,,=0 and z,=1 in this
section. Define GJ’ as the set of all (I,X)€® for which
there exists a (s, t)ES X 9, such that

~

P[Ul=i]=s,-, P[Uz:j]:tj_tjﬂ

X=x{0,<0,)»

)

2Although these sets are assumed to be finite in this paper, we show in
[8] that such a restriction is not necessary and when removed gives a
more general result. The finiteness of U, and A, is assumed here to
simplify the presentation of the basic results.
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where 1<i<n, 0<j<m, and x denotes the indicator
function (ie., X=1 if U1 <U2 and X=0 otherwise). It
follows that

~ ~

r,& P[X=1|0,=

III>

P[X=1|0,=i]=1,

7= 5
©

and that

P[)?=1]= 2 sih= 2 (G=100)1

i=1

™

Whenever random variables (U X) are related to vectors
(s ?) as in (5), we shall write (s, )>(¥, X). Now if we let

=P[U,=i], L=P[X=1U;=i], 1<i<n, (8)

then we obtain a particular (U,X)e ?P such that (s,f)<
(0,X ). We summarize the properties of (U X ) in the
following theorem.

Theorem 1: If Y (respectively, Y) is an output of X
corresponding to input (U, X) (respectively, (U X)), then

a) (U, X)~(U, %),
b) [(U; Y)<IU;Y), i=1,2

Remark: Clearly b) implies that ®,(U, X) < ®,(U, X).

Proof: Assertion a) is obvious from (5), (6), and (8).
Assertion b) for i=1 follows from a), which (along with
the definition of channel outputs) implies that (U}, X, 7))
~(UI,X Y) Similarly Y,~ Y2 so that H(Y,) = H( Yz)
Hence to prove b) for /=2, it suffices to show that

H(Y,|U) > H(Y|Us). )

Since (U, X, Y) is a Markov chain for which the condi-
tional discrete density function for Y, given X is p,, the
conditional entropy H(Y,U,) can be written as an ex-

pectation of a function of P[X = 1|U,}. First, note that for
JEY,,

1
PLY,=j|U]= kEOPi(jlk)P[X=kIU,-]
=L (P[X=1]U])
where L, ;:[0, 1]-[0, 1] is defined by

L (&) = ap,(j|1) + (1 - a)p,(j]0)
for j€%,, a €[0,1)], and i=1,2. Hence

H(Y|U)=E{ S o L, (P{X=11U))]]

=E{A(P[x=1]U])} (10)
where @(p)= —p log p and

Af(a)= 2 (p[Li,j(a)]' (11)
Since L, ; is affine and ¢ is concave, p° L, ; is also con-

cave. Therefore A,; is the sum of (finitely many) concave
functions, and so it is concave.

Notice that A, is specified completely by the broadcast
channel transition probability p, and that (10) is estab-
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lished using only the facts that (U,X,Y) is a Markov
chain and that the conditional distribution of Y, given X
is determined by p;; the joint distribution of ¥, and Y, is
immaterial,

If we define a,= P[U, >/] and b;= P[X =1|U, =], then
by (10),

H(Y2|U2)— z (a j+1)A2(bj)' (12)
Similarly (see (5) and (6)),
H(Y,)|0)) = E{A(P[X=1|3,]))
= 3 (4= 10000, (13)

Since our goal is to prove (9), we wish to compare (12)
and (13).

Let v, 2vy,2> -

>7vy be an ordering of {a,,---,a,}U

{t;,---,1,} (hence N=m+n—1), and let yo=a,=1¢,=1,
YW1 =1 = ,,H =0. Recall that 1=4a,>--- >q,,,=0
and 1=1¢,>--- >t,,,=0. Define p(j) and p(j) by
)=k, ifa>y>a,,
and
p=k, il t>y >0,

and let b/=b,, and r/=r; ;. With §, = v,—
(13) become

’Yj+ 1» (12) and

H(Y,|Uy) = 2 8A(8))

j=0

(14)
and

H(Ylez)— 2 6A2(") (15)
/=0

respectively. Since both b, and r, are nondecreasing in &k

and since p(j) and p(j) are both nondecreasing in j, it

follows that both b and r/ are nondecreasing sequences.

This, the concavity of A,, and the next two lemmas will

establish (9), completing the proof of Theorem 1.

Lemma 1: Let x4, x,,- -+ ,xy and yg,y,,-**,yy be non-
decreasing sequences of real numbers. Let £,&,,- -+, £y be
a sequence of real numbers such that for each k in the
range 0 <k <N,

Mz

(16)

/j

j k

with equality for k=0. Then for any concave function A,

N N
2 EA(x) < X EA(). (17)
j=0 j=0

Lemma 1, which is proved in Appendix B, is a generali-
zation of a result obtained in 1929 by Hardy, Littlewood,
and Polya (see [9, p. 89]). The generalization is due to
Fuchs [4], and the proof that we give in Appendix B is

essentially his.
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Lemma 2: For 0<k <N,
N
2.5

with equality for k=0.

M z
=
Oy

~.
I
x~

Proof of Lemma 2: Construct random variables ® and

® on {0,1,--+,N} such that (®, U,,X) and (6,U,,X) are
Markov chalns with

P[®=j|U2=k]=8j(ak_ak+l)_l
if k=p(j) and

P[©=j|02=k:l=8j(tk_—tk+l)_l

if k=p(/). These probabilities are zero otherwise. Since U,
is independent of U,, ©® may also be chosen to be inde-
pendent of U,. Similarly, let ® be independent of U,.

Note that U,=p(®), that
P[®=,]=P[0=/|U,=p())|P[ U,=p(j)] =8,
and that
bj=P[X=1|U,=p())]
= P[X=1|U,=p(;),®=j]=P[X=1]0=/].

Similarly, U2 p(@), P[® =j]=4§,, and r/ —P[X— 1]@—]]
Notice that ®, U2) is also 1ndependent of U \» since (@ U2)
=(0,5(8)). We then obtain, for 0<k <N,

N
2 5b=

P[>k, X=1|U,=i]s,

N

Ms it

min { P[O>k|U,=i],

Plx=1|U,=i]}s

M= 1 M=

= X min {P[O>k], P[3(®)>i]}s,
i=1
= P[O>k, p(©)>i]s,
i=1
=3 P[O3>k, U,>i|U,=ils,
i=1
=X P[O>k X=10,=i]s,
i=1
- o N
=P[O>k X=1]= 3 &7 (18)
J=k

Note that for k=0 equality holds in (18). Hence the proof
of Lemma 2 is complete.

We now return to the proof of the main result of this
section, as outlined in the first paragraph. Suppose (s',¢')

€5,%X9, and (s,t)>(U,X)EP,. Recall that this
means (see (5))
PlUi=il=s,  P[U3=/1=4=bs X '=Xvi<upy

We may write
(U, X)=2(U', X))~ 2P(U',X")
where we define
(U, X") =AM H(Y)+\H(Y)
and
OR(U, X")=MH(Y{|U)) +\H(Y3|U3).

As before, Y’ is any output of the channel corresponding
to input (U’,X"). Since (U’,X") is completely determined
by (s',f), we may consider ®,(U’,X") and ®)(U’,X"),
i=1,2, to be functions of (s',¢). For example, if so=1,
=0 and #;=1, then (10) may be applied to yield

j+1)A2( i S,’)
i=0
(19)

_ Recall that s and ¢ were given in (8) and that ( U,x)e
% was constructed accordlng to (s, t)<—>(U X). Let 9D ¢

’l

(s, t)=A, Z s/A (t)+?\22 (¢—

i=1

S, consist of those ¢ €9, such that
21” = [ =1]. (20)
Then by Theorem 1 and the fact that t€9D,
D, (U, X) < O)\(s,8) < sup {Dp(s, ) ED}. (21)

If (U, X")es(s,¢) and ¢ €D, then (20) implies that P[X =
1]= P[X'=1]. This, in turn, implies that ®{(s, -) is con-
stant on ), because the entropies of the channel outputs
depend only on the distribution of the input X’. On the
other hand, we observe from (19) that (s, -) is concave
on T, and hence on %, since the sum of linear and
concave functions is concave. Since % is a compact
convex subset of R", the concave (continuous) function
®Y(s, -) is minimized over D at an extreme point of 9P,
let us say ¢*. Then if (U*,X*)EP, is constructed accord-
ing to (s, *)>(U*, X*), it follows that

O, (U, X) <sup {D,(s, )|t €D} =D\(U*, X*).

Since t*=(t,,t,,- - ,t,) is an extreme point of D, we
claim that for some integers j and k for which 0<j <k <
n,
=i =0

(22)
where we have (by convention) let t¥=1 and #},,=0. To
see that this claim is true, suppose that * is an extreme

point of %) but that £* does not have the form indicated in
(22). Then there must exist integers a, b, and ¢ satisfying

=R>R0=
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0<a<b<c<n such that
1>t = >, =1 >0 >0

Choose ¢, and ¢, such that 0<¢, +¢, <t} —
0<e,<t¥— ¥, and

6 2 s=¢ X s

i=a+1 i=b+1

o, 0<e, <tf

_ gk
a+ 1>

Define (V=@ =¢* for 0<i<a and c+1<i<n+1. For
a+1<i<blet tV=t*+¢, and 1P=1*—¢,, and for b+1
<i<c let tV=1*—¢, and P =1*+¢,. From the defini-
tion of D (see (20)) it is clear that £ = (¢{™, ™, - - 1)
€D, for m=1,2. It is easy to see that £*=3(t"+¢?).
Since this contradicts the fact that #* is an extreme point
of ), the claim must be true. Since (s,t*)>(U* X*), it
follows from the form of #* given in (22) that P[UF =i]=0
unless i=j or i=k; that is, U} is essentially a binary
random variable.

Summarizing, we have started with A€R% and (U,X)
€% and then produced (U* X*), where UF~U,, UF €
{J,k} with probability one, X*=xyr <y, and ®y(U,X)
< ®,(U*,X*). By repeating this procedure we can simi-
larly show that U¥ can be taken to be distributed on some
set {Jj,k’}. The special form of the function X*=
X(ur<us) then insures that, after “relabeling,” U and U3
can be supposed to have range {0, 1} and X* can be taken
to be either UF A\ UF or UF\/U¥. We have thus proven
the following theorem.

Theorem 2. For the general two-receiver binary-input
memoryless broadcast channel, R,=%R,,.

Remark: Since the (U*, X*) constructed from (U, X) in
the proof of Theorem 2 satisfied P[X*=1]=P[X=1], we
also have the following generalization:

P}

c(A,p) = sup { DU, X)|(U, X)e®, P[X
=max {(DA(UX)|(UX)E§P,,,P ]=pr}
(23)

This will be used in the proof of Theorem 3. We will also
use the fact that c(A,p) is continuous in p, which is easily
proved from (23).

In Appendix C we prove the following result for the
broadcast channel XK.

Theorem 3: For the general two-receiver binary-input
memoryless broadcast channel, the achievable rate region
%Ry can be obtained by considering only test channels
(U}, Uy, Ug), X) in @, (ie., Uy is binary, U, and U, are
ternary, and X is a deterministic function of (U,, U,, Uy)).

I11. EXAMPLES—@@ COMPARED WITH R,

In the previous section we obtained bounds on the
cardinalities of the ranges of the auxiliary random vari-
ables employed in the characterization of @R, and NR,.
Both regions were derived from the region of achievable
rate triples R previously given by Cover and van der
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Meulen. However, to the best of our knowledge, both R,
and %, have not been calculated for the same channel. By
calculating Ry and R, for two simple examples, we will
show that %, is sometimes larger than @R,. This fact, as
revealed by out second example, is the result of complex
interplay between “separate” and “common” mutual in-
formation quantities. As noted in Section I, the fact that
Ry is larger than R, implies that & is larger than R..

A. A Binary Symmetric Broadcast Channel

The binary symmetric broadcast channel (BSBC) is a
simple example of a degraded broadcast channel, the
capacity of which is already knownA[13l. We consider it
here to clarify the relation of R, to Ry. Ry is the capacity
region of rate pairs for the BSBC and, indeed, any de-
graded channel. This is easily seen by comparing our
expression for C with the capacity region for degraded
channels as given in [5] or [13]. Thus the capacity region
of degraded channels may be extracted from the Cover—
van der Meulen region of rate triples. This was originally
proved by van der Meulen ([12, p. 187]) in the context of
his situation (K, II).

Now consider the particular BSBC with crossover prob-
abilities zero and 0.25. That is, consider K =
({0,1},p1,p2 {0, 1}), where p,(0/0)=p (1]1)=1 and p,(0/0)
=p,(1]1)=0.75. We shall compute R, for this channel.
Consider (U, U,), X)€%, such that P[U;=1]=a;, PV,
=0]=1—aq;, and X =U,A\U,. If (Y,,Y,) is an output of

K corresponding to (U,X), then I[U,Y,]=t(a; ),
where

H(ap,ay) = h(ayay) — ah(ay)
and

L{ay,a,) 2 h(a;a,%0.25) — ayh(a;#0.25) — (1 — ay) h(0.25)

where pxq=p(1 —q)+ (1 —p)q. Because of the symmetry
between X =0 and X =1 for the BSBC, there is no need to
consider X =U,\/ U, so that, by Theorem 2,

Ro=co {(R,RY)|R; <t;(a;,a), for some 0< ey, ay <1},
It is easy to show numerically that A, is simply the region
one obtains by time sharing. On the other hand, the set of
all achievable rate pairs, which consists of those (R, R,)
for which R, <1—h~'(h(R,)*0.25) (see [13]), is strictly
larger than the time-sharing region.

B. The Skewed Binary Broadcast Channel

We define the “skewed binary broadcast channel” to be
H=({0,1},p,,p5,{0,1},{0,1}), where p,(0[0)=py(1|1)=1
and p,(0|1)=p,(1]0)=0.5. Using Theorem 2 and Theorem
3, we can evaluate R, and %}, numerically. Instead we
will use a more revealing approach, which involves con-
sidering some of the quantities which were used to prove
the results of Sections II.

It turns out that R, is the time-sharing region for this
channel. We will prove a stronger result first with a view
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toward calculating 6310 We will begin by computing ¢(A,p)
for A€R? and 0<p < 1. (See the remark after Theorem 2
for definitions.) It was shown that ¢(A,p) can be computed
using only test channels in ¥,. We will show that for the
skewed binary broadcast channel, the set of test channels
may be reduced even further—specifically, to the set of
(UX)E®, such that either X=U, or X=U, This
follows from Proposition 2, which is proved in Appendix
D.
Proposition 2: For all A\€R? and 0<p<1,

c(A,p)=RE max {A,\,} 249

where
R = max {I(X; Y ), I(X; Y)|P[X=1]=p}. (25)

(The variables Y; have conditional distribution p; given
X))

Recall that R, may be described as the set of pairs
(R, R,)ER? such that, for all A\€R?,

AR+ AR, <c(A)=sup {c(A,p)l0<p<1}.

Hence the fact that @R, is the time-sharing region for the
skewed binary broadcast channel follows from Proposi-
tion 2 with A=(1,1).
. We next address the problem of computing the region
Ro. A key result is the following proposition, which is
proved in Appendix E.

Proposition 3: For the skewed binary broadcast chan-
nel, A, may be obtained by using only those test channels
U, X) E@b for which U,, U,, and U, are binary and

X=U0U1+(1—'U0)U2. (26)

The fact that it suffices to use test channels (U,X)
satisfying (26) when computing R, for the skewed binary
broadcast channel greatly simplifies the computation. In-
deed, this class of test channels may be parameterized by
the three parameters p= P[U,=1], a=P[U,=1], and 8=
P[U,=0]. We have found that the line segment P,,P,
where P, =(0.2411---,0.1205.-+.) and P, =
(0.1205--,0.2411- - -), is contained in the boundary of
%Ry. The fact that P,€®R, follows from using the test
channel (U, X) corresponding to p=0.5 and
a=p=0.5-V105 /30=0.1584 in (1)-(3). Then P,ER,
by symmetry, The fact that PP, is contained in the
boundary of R, will follow from the fact that

s* & max { R, + Ry)(R,Ry) €%} =03616---. (27)

That s*=0.3616--- can be shown as follows. Since P, €
%Ry, it follows that s* >0.3616- - . From Proposition 1
(see (3) in particular) it follows that for any € >0 there is a
(U, X, Y)EPK such that

s*—e<I(Uy; Y| Upg) + I(Uy; Y| Up)
+min {I(Uy; Y,),1(Uy; Y,)}
SI(U; Y| Up)+ I(Uy; Y| Up)

+%(1( Uy Y1)+ 1(Uy; Y,)). (28)

Now using the fact that we need only consider test chan-
nels (U, X) satisfying (26), we obtain from (28) that

s*<sup { fle, B,p)[0<a,B,p< 1}

where fa,B,p) is the quantity in (28) expressed in terms
of the parameters a, 8, and p. The function f(a,,p) is a
smooth function so that it is straightforward (though
tedious) to show that it attains its maximum value of
0.361643- - - when a=8=0.5—V105 /30, p=0.5.

It is perhaps surprising that %, is substantially larger
than the time-sharing region for this example, while @R, is
the time-sharing region. In fact, given that %, is the
time-sharing region, it is easy to see that if any of the
variables Uy, U}, or U, is constant, then (T, T,) satisfying
(1)—(3) will be in the time-sharing region. Hence it is the
interaction of three auxiliary random variables which
yields achievable rates outside the time-sharing region.
The true capacity region of the skewed binary broadcast
channel is unknown.

IV. CONCLUDING REMARKS

It may seem paradoxical that we have found rate re-
gions larger than R, (and hence %) by considering only
achievable rate triples in %R. The crux of the matter is that
the true capacity region must have an internal consistency
which we have shown @ lacks. Specifically, if (R, Ry .S,
+S,) is an achievable rate triple, then so is (R, + S}, R, +
S,,0). However, as we demonstrate by example, (R,R,, S,
+5,)ER does not imply that (Ry+ S, Ry + 5,00 ER.
(This is equivalent to_the fact that %R, is larger than AR,.)
The larger regions %, and R are obtained simply by
enlarging ® to be internally consistent. The achievability
of the region R, then, implies the achievability of the
region R (and hence the achievability of %R, which is
obtained as the projection of R onto the R,=0 plane).

Our observation that R is not internally consistent
depends on our main mathematical results, which give
bounds on test channel alphabets necessary to compute
%R, and R, for binary-input channels. We have not ex-
tended these results to arbitrary discrete memoryless
broadcast channels. We conjecture, however, that ®, can
be calculated for the channel (%X,p,,p,, ¥, %,) using only
test channel input alphabets U, satisfying

Ul <min (X, [1%:0),  i=1,2

(this concurs with van der Meulen’s conjectures [12]) and
that R, can be calculated using test channel input alpha-
bets satisfying

| Ul < min (|| I, max (||Y, ]I, 11%,))
and
19 1< 1+ || Ul (min (X[}, [¥1)=1),  i=1,2.

Bounding alphabet cardinalities necessary for computing
the region of rate triples R (or, equivalently, & since A is
obtained directly from % and %) appears to be consider-
ably more difficult.
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APPENDIX A
PrOOF OF PROPOSITION 1

We shall prove that % =co €. By definition, & is the closed
convex hull of the collection of all triples (R;, R, Rg) in R
which, for some (U, X, Y)e @P%, satisfy the following:

la)
1b)
lc)
1d)
le)
1f)

Ry <I(Uy; Y| Uy),
R, <I(Uy; Y| Uy),
Ro <I(Up; Y| U)),
Ry <I(Up; Y| U),
R+ Ry<I(Uy Uy YY),
Ry + Ry <I(Uy, Uy; Y?y).

@, is the convex hull of pairs (7}, T,) ER% such that (R}, R, Ry
=S+ S,)ER, for some R|,R,,S,>0and §,>0with T\ =R+
S, and T,= R, + S,. Hence, by la)-1f), 63'10 is the closed convex
hull of the set of pairs (T, T,) €R% such that there exists S, >0,
S,>0, and (U, X, Y)EDK satisfying the following:

2a)
2b)
2¢)
2d)
2e)
2f)
2g)
2h)

T, <I(U;; )| Up) + Sy,
T, <I(Uy Y,|Up)t+ S,
S+ 8, <I(Uy; Y| UY),
S+ 8, <I(Up; Yo Uy),
T, <I(Up, Uy; Y1)~ S,
T, <I(Up, Uy; Yy)— Sy,
T,28,,

On the other hand, C is the collection of pairs (7}, T,) €ER%
which, for some (U’, X, Y)e® X, satisfy the following:

3a)
3b)
3c)
3d)

T, <I(U;, Ug; Y),
T, <I(U3, Ug; Ya),
T+ T, <I(Uy; Y| U+ I(U3; Y| Ug) + I(Ug; Y),
T, + T, <I(Uj; Y| Ug) + I(U3; Y| Ug) + I(Ug; Yo).

Now to prove that %, Cco € we need merely note that if
U’ = U, then 2a)-2h) imply 3a)--3d). (In fact, 2e)=3a), 2f)=3b),
2b) and 2e)=>3c), and 2a) and 2f)=3d).)

To prove the reverse inclusion, we assume that (7, T;) satis-
fies 3a)-3d) for some (U’,X,Y) and show that this implies
(T),, Ty e @0 for each of the following three cases.

) If T,—I(Uj; Y |Ug) > 1(Ug; Y, Usy), then substituting into
3d) and applying the basic information identities, we have

T, <I(Us; Y). (A1)

If in 2a)-2h) we let S,=S,=0, U,=(UyU}), U,=U; and
Up=u for an arbitrary u €, then we see that (A.1)e2b)=2f)
and 3a)e2a)e2c) (2¢), 2d), 2g), and 2h) are trivially satisfied).
Hence (T, T,) € @0

2) It T,— I(Us; Y, |UY > I(Ug; Y1|Up), then we can show
(T, Ty e @, by the same general procedure as in case 1) above.
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3) If
Ty~ I(Uj; Y| Ug) <I(Ug; Yo U3) (A2)
and
T,— I(U3; Y,| Ug) <I(Ug; Y| U1), (A3)
then let U = U’ and
Sy=max {0,7,~ I(U;; Y| Up)} (Ad)

for i=1,2. This choice of S; guarantees that 2a), 2b), 2g), and
2h) are satisfied.

If §,>0 and S,>0, then 2¢)-2f) are verified as follows.
Equation (A.4) and 3c¢) imply S, + S, <I(Up; Y}), and the inde-
pendence of U, and U, implies I(Uy; Y}) <I(Uy; Y| U), which
establishes 2c). Similarly, (A.4) and 3d) imply 2d). Finally, in
view of (A.4), 3¢c) implies 2e), and 3d) implies 2f).

If $,=0, then 3b) implies 2f) and 2c)-2e) are verified as
follows. If S,=0, then 2¢) and 2d) are trivially true, and 3a)
implies 2e). If S,>0, (A.4) and (A.3) imply 2¢), (A.4) and 3b)
imply S;+ S, <I(Uy; Y5), which in turn implies 2d) because of
the independence of U, and U,, and (A.4) and 3c) imply 2e).

If S,=0, 2¢)-2f) are established in the same manner as in the
preceding paragraph, since the case S,=0 is just the dual of the
case S, =0.

Since 1)-3) cover all possible situations, we have shown that if
(T,, T,) satisfies 3a)-3d), then (T, T») € R,. Hence RoDco C.

APPENDIX B
PROOF OF LEMMA 1

Notice that if x;=y;, then the ith term of (16) and (17) has no
effect on the inequality. Hence we can assume x;7=y;, for 0 </ <
N, without loss of generality. For a given concave function A,
define a slope function s by

s(x.) = (x=y) " [A(x)=A()] (B.1)
for x7y. The concavity of A guarantees that
S(Xp— 1Y —1) > 5(xp 1) (B.2)
for 1 <k <N. It follows from (B.2) and (16) that
N
k‘fj(xj =y (e 1Yk 1) — S 26)] > 0 (B.3)

j=

for 1 <k <N. In fact, if we define x_;=x, and y .=y, then
(B.3) holds (with equality) for k=0 as well. Thus we have

N N
2> &5 —ypls(o - 1yi—1) — s(xe21)] > 0
k=0,=k

which is equivalent to

N-1 N N N
> > §(x—y)s(xeyi) — > 2 £(x~y;)5(xop4) > 0.
=—1j=k+1 k=0j=k

(B.4)

Because equality holds in (16) for k=0, the k= —1 term in the
left sum of (B.4) is zero, so (B.4) is equivalent to
N
= 2 &0 —y)s(xei) > 0. (B.5)
k=0

Using (B.1) in (B.5) we obtain (17).



44 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. IT-25, NO. 1, JANUARY 1979

APPENDIX C
PROOF OF THEOREM 3

5 Let S be the set of S €R% such that, for some (U, X,Y)E
X,

S <I(Up, Ui YY)
S, <I(Uo, Uy; Y3)
S3 <I(Uy; Y| Up) + I(Uy; Y| Up) + I(Up; Y1)
Sa<I(Uy; Y| Up) + I(Uy; Yo| Ug) + I(Uy; 1)
Let T be the linear map from R? to R* defined by
T(x1,x2) = (x1, %, X + X, %y + X2).
Referring to the definition of € in Section I, we see that

C=T"'S. It is easy to check directly that since T is linear
(continuous) and one-to-one,

Ro=co C=co T™'$=T""¢o §.

Hence to compute R, it suffices to compute co S. To this end
define for each A=(A;,A,,A;) ER? and each (U, X)€%

O\(UX)=NI(Uy, Uy; Y1) + 200 (Uyp, Uy; 1)
+M[I(Uy; Y| Ug) + I(Uy; Yo Up) + I(Up; Y1)]
+I(Uy; Y| Up) + I(Uy; Y, | Up) + I(Up; 1)

where Y is an output of ¥ corresponding to (U, X). For each
AER? let

e =sup {B\(U,X)|(U,X)€P}. (C.1)
Using the characterization of convex hulls as in Section II, co

$ is the collection of points in R% dominated by the family of
hyperplanes

{}\lxl + A0, Asx; + x,= EQA)AERS, }
Thus to compute co S (and hence @0) one need only compute
&) for all A€R>. Thus Theorem 3 will follow if we demon-
strate that é(A) remains unchanged when & is replaced by &, in
(C.D).

Basically our approach now will be to first consider maximiz-
ing ®,(U, X) over all (U,X)e & with (Up, X) having a specified
distribution. We will show that if the cardinalities of the ranges
of U, and U, are restricted to be at most one plus the cardinality
of the range of Uy, then the same maximum results. Removing
the constraint on the distribution of (U, X), we will then show
that U, can be restricted to be binary.

Let us rewrite ®,(U, X). Define, for (U,X)E@’,

SO(U,X)=A+ M+ DI(U; Y| Up) + Ay + A5+ 1) I(Us; Y| Up)
&)&Z)(U’X) =(=N =N H(Y | Ug) + (=2, — D) H(Y,|Up)

(U, X)=(A\+M)H(Y )+ N+ 1)H(Y?)

so that

&)A(U’X)= é (i)&')(U,X)

i=1

(C2)

Define the set #' & to be the collection of test channels
(U, Uy, Ug), X )E@ such that X is a deterministic function of
(U,, Uy, Ug) and U; and U, are each distributed on {0,1,---,r},
where r is the cardinality of the range set of U,

Let g be any finite set, let po(x) be a probability distribution
on Ay, and let go(1|u) be such that 0 <go(1]u) < 1, for u €Uy If
U, and X are random variables such that X is binary, P[Uy=u]
=po(u) and P[X =1|Uy=u]= qy(1|u), we shall write (Up, X)~
(Po490)-

Finally, define for 0<p <1

YO (p)=c((A\;+A3+ LA, +7A3+1),p). (C3)

(See the remark after Theorem 2 for the definition of c(-,p),
which is continuous in p.) The next lemma deals with &,
Lemma 3: The following are equal:

a=sup {H(U,X)|(U, X)€", (Up, X)~(Prg0)} (C4)
b=sup { (U, X)|(U,X)E?, (Up, X)~(P090) }

e= X ¥(go(1|u))po(u).
ueEUg

Furthermore, the supremum in (C.4) is actually a maximum.

Proof: We shall prove that a<b<c<a. Since & cd,
a <b is immediate. To see that b <c¢, note that for
(Uy, Uy Up), X) €9 with Uy~ps,

(U, x)= 2%1’0(“){0\1 +M+ DI(Uy; Y| Up=u)

+(A2+A3+ I)I(Uz; Y2| U0= u)}.

The terms of this sum are the same as the information quantities
of Section II. (Notice that U, and U, are conditionally indepen-
dent given U, since U,, U,, and U, are mutually independent.)
Hence the sum may be bounded term by term to yield » <c. To
prove the final inequality ¢ <a, we will construct (U’, X ’)E@’
with (U4, X")~(po,qo) and &O(U,X")= ¢, which will also dem-
onstrate that the supremum in (C.4) is actually a maximum.

The construction proceeds as follows. Let »=[|]|. For each
u € 9,, there is a test channel (V}, V%), X*)EP, such that (see
(22)) PLX*=1]=gq(1|u) and

Y (go(11)) =Pin, 40,4 10,40, + (VX Y)
=\ + M+ DIV YD+ A+ 0+ D)I(VE YY)
(C.5)
where Y* is an output of the channel corresponding to input
(V. X*). For i=1,2, let p* & P[V¥=1], let aP<a@< -+ <

o be an ordering of the set { p¥|u €y}, and let af®=0 and
a"*V=1. Let o(u) denote the rank of p¥ in {a’}; that is,

o,(u)=min { k|p} <af®}.

Define Uj, Ui, and U3 to be mutually independent random
variables with Uj~p, (i.€., P[Uj=u}=po(u), u€Uy) and

PlU/=jl=aV*V—af’, for0<,<r,i=12

To complete the construction we must choose X’ as a binary
function of (U, U}, U3) so that (Ug, X )~(po-qo) and &V(U’, X7)
=c. The trick is to make the conditional distribution of
(U{,Us5,X") given Uj=u imitate in an information-theoretic
sense the distribution of (V}, V5, X*).

For u&€y, i=1or 2, and 0<j <r, let x*(/)=X{ ;<o) Then

PIx“(UN)=1|Up=u]= PLx(U})= 1]
o (u)—1

= 2

Jj=0

VD —aN=pr=P[V¥=1].

That is, x*(U/)~ V¥. Recall by the definition of %, that either
XU=ViVEor XY=VIAVSY. When Uy=u, let X' =x{(UDA
x3(U3) (respectively, xi(UDVxi(Up) if X*=V{A\V} (respec-
tively, Vi'\/ V}). Then conditioned on Uy=u,

( V;" VZusX“)""'(XIu( Ul’)’ XZu( U2/)’Xl) (C6)
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One consequence of (C.6) is that
PIX' =1 Us=u]=P[X"*=1]= go(1]u)

which implies that (Ug,X")~(pg.4o)- Another consequence of
(28) is that if (Y{,Y;) is an output of the broadcast channel
corresponding to input (U, X"), then, for i=1,2 and all «,

(VA Y =1((U)), Y] |Ug=u)

=I(U/; Y/|Up=u). €n

The second equality follows from the fact that U/ and Y/ are
conditionally independent given Uj=u and x;*(U;). Substitution
of (C.7) into (C.5), multiplying by py(#), and summing over u
yields that 6),\( U’,X")=c, completing the proof of Lemma 3.
Note that if (U}, U,, U, X)E® and (Up, X)~(po,qo), then
&P(U,X) may be expressed in terms of ( py,q). Indeed, by (10),

(U, X)= ;po(u)‘l'f)(qo(llu)) (C3)

where
TR(a) 2 (=M =A)A(a) + (=2 = DAy (a).

Note that ¥§{I(a) is continuous in a. Since the entropies of the
channel outputs depend only on the input probability distribu-
tion, ®(U,X) is a function of p=P[X =1]=3,q¢(1|u)po(w).
We shall denote these facts by writing (o, q,) and &(p) for
d@(U,X) and P(U, X), respectively.
We now reconsider é(A). Observe that
éMN)=sup (éAp)0<p<1)
where

éAp) & sup {BA(U,X)|(U,X)eP, P[X=1]=p}.

For 0 < p <1, let F, denote the collection of distributions ( po, qo)
such that

=2 po(w)qo(1|u)-
Then using (C.3), Lemma 3, and (C.8),

¢(A,p)

= sup [sup {BO(U, XU, X)ED, (Up, X)~(p0.q0) }
PodoEF,

+®2(po,.40) ] + I (p)
= sup [21’0(“)(‘1’&1)(610(”’4))+‘I’S\2)(f10(1|“)))]
pogoEF,L ¥

+ 3O (p).

(C.9)

(C. 105
Let
a(a) =¥ (a) + ¥(a),

Since ¥,(«) is continuous in «, the mapping t—(t, ¥ (1)) is
also continuous and defines a compact arc T in R? as ¢ ranges
over the compact set [0, 1]. Given any distribution (pg,qo), we
have

O<axl.

(S ro@aile), oy ¥r(an(ll)) €co T,

and any point of co I may be expressed in this way. Therefore,
the supremum, let us say M, of the bracketed term in (C.10) over
(Poq0) E F, is the supremum of y such that (p,y)Eco T Since
co I is closed, (p,M)eco I'. Clearly any point of co I' can be
expressed as the convex combination of two points of I' so that
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there exists p&(0) + p&(1)=1 and 0< g*(1|0), g*(1|1) < I such that

1 1
(p, M)= ( gopé"(u)qé*(llu), EOPS(u)‘I’A(qS(llu)))-

It follows that (using (C.10) and Lemma 3)
1
éAp)= gopa‘(u)‘l'&"(qa(llu)) +&0(p3.48) + & (p)

~max {$(U,X)|(U,X) €9, (UoX)~(p8.48))}
+3Q(pg, 48) + O (p).
Thus
éA.p)=0r(U*,X™)

for some (U*, X*)€ ¥’ with (U3, X*)~(p3.q3). The fact that U}
is binary and (U*,X*) € & implies that (U*,X*)& é]’,,. Hence we
have
éA)=sup (éA,p)0<p<1}

=sup {max {\(U,X)|(U,X)€,, P[X=1]=p}l0<p <1}

=sup (AU, X)|(U, X)€P,)
completing the proof of Theorem 3.

APPENDIX D
PROOF OF PROPOSITION 2

We will prove Proposition 2 of Section II1. Using (4) and (23),
we note here for convenience that
C(A,p) =1max {}\ll( Ul; Yl) +A21( Uz; Yz),(U,X, Y) [ @b SC,
P[X=1]=p}.
The fact that ¢(A,p) > R%,-max (A, A,) may be proven by consid-
ering test channels (U, X) € ?, such that either U,=X or U,=X

and P[X=1]=p. To prove the reverse inequality, note that it
suffices to consider the case A=(1,1) since

cAp)<e((L,),p) max A,A,), O<p<1,AER?.

Hence all we need to show is that if (U,X,Y)e9,H and
P[X=1]=p, then

(U YD)+ I(Uy Yy) <max (I(X; Y),1(X, Y,)). (D.1)

Recall that (U,X)& P, implies that either X =U; AU, or X =
U,V U,. Suppose that P[U,=1]= x. Then in order that P[X =1]
=p, it is necessary that p <x<1 and P[U,=1]=px~'. Note
that when x=p, I(U; Y|)=I(X;Y)), and when x=1, I(U,; Y>)
=I(X;Y,). Thus if we define

Ap.x)=IU;Y))+I(Uy Y,)

—h(5 )= £ )n(52)-1e 2 [1-a(152))],

(D.1) may be rewritten as

f(p,x) <max [ f(p.p).f(p,1)],

We will now prove that

Hp,x) <f(p.p),

forO<p<x<l. (D.2)
for0<p<max(x,}),x<1 (D.3)
and

f(p,x) < f(p,1), (D.4)

Clearly (D.3) and (D.4) imply (D.2) so that establishing (D.3)
and (D.4) will complete the proof of the proposition.

for j<p<x<l
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To prove (D.3) we will note that the function g.(p) = Ap.p)—
f(p,x), as a function of p, is concave on [0,min (x,3)] and
satisfies g,(0)=0 and g,(min (x,1)) > 0. It is easy to check that
20)=g.(x)=0. It can be seen from the graph of g.(3) as a
function of x that g.(4)>0, for }<x<1 (we were unable to
prove this analytically). Finally, g.(p) is concave in p since its
second derivative

gl(p)=—[x(1-2p+p?)+p*|[ p(1-P)2x—p)] "
is negative for p €[0, min (x, 3)]}.

To prove (D.4) we note that, for x>, the function
t.(p) 2 f(p,D)—f(p,x), as a function: of p, is concave on [1,x}
and nonnegative at the endpoints. It turns out that ¢£,(3)=g,.(3),
which as noted in the preceding paragraph, we have found to be
positive. One finds that

1+ x x
tx(x)—h(T)—h(7)+2x—l
which satisfies £,(3)=2£(1)=0 and (1(x))" <0, for ;<x<l,
implying that £,(x) > 0, for x €[%, 1]. Finally, the function ¢,(p) is
concave in p for p €[4, x] since

t(p)=-p(1- ) [~ 2x—pH] "

which is negative on that interval.

APPENDIX E
PROOF OF PROPOSITION 3

The procedure used in Appendix C to prove Theorem 3—that
of fixing the distribution of (U, X) and then “reducing” the
class of variables (U,, U,)—may be adapted to prove the present
result. Indeed, note that (26) implies that X=U, or X="U,,
depending on whether Uy=1 or Uy=0. That is, formally, given
Uy=u, the variables U, and U, mimic the random variables
which, as the proposition shows, are sufficient to attain

max {MI(U; Y |Uy=u)
+01(Uy; Yy Up=u)| P[X =1|Up=u]=p}.

A specific approach to adapting the proof of Theorem 3 to
prove that &, may be calculated using only test channels (U, X)
satisfying (26) will now be outlined. Define @s’b to be the
collection of (U,X)E®’ such that |||+ Uy < ||Ugl+2
(where Ql; is the range of U)), and for each u&®, either
IU; Y | Uy=u)=0 or I(Uy; Y |Uy=u)=0 (i.e., given Up=u,
either U, or U, is independent of X). We will indicate a proof of
Lemma 3 when 9 is replaced by &/,. This being done, the
remaining portion of the proof of Theorem 3, which shows that

U, can be chosen to be binary, still applies. The special form of
(U,X)€%;, then insures that ®, can be chosen using only
(U, X) satisfying (26).

When 9’ is replaced by &7, in Lemma 3, the inequalities
a <b <c are proven as before. However, the proof of ¢ <a must
be modified. The essential change is that the test channels
(V¥ V#,X*) should now be chosen so that either V{=X" or
V¥=X" In fact, by the proposition, this can be done so that
equality still holds in (C.5) (see (C.3)). The construction of the
variables (U’,X’), starting with the (¥* X*) chosen here, can
then be modified so that (U’,X V€&, replaces the condition
.4 ')E@”. The construction, as before, implies that ¢ <a,
completing the proof of Lemma 3 with &’ replaced by &,.
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