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On the Capture Probability for
a Large Number of Stations

Bruce Hajek,Fellow, IEEE Arvind Krishna, Member, IEEE
and Richard O. LaMaireMember, |IEEE

Abstract—The probability of capture under a model based on or Rayleigh fading), the log-normal terif,c¢ models the
the ratio of the largest received power to the sum of interference effects of shadowing, and the terfir—? reflects the power
powers is examined in the limit of a large number of fransmitting  5ienyation with distance. Although the above propagation
stations. It is shown in great generality that the limit depends . . ; . .
only on the capture ratio threshold and the roll-off exponent model is _based on obseryatlons in the land mobile env_lron-
of the distribution of power received from a typical station. Ment, fading and shadowing have also been observed in the
This exponent is insensitive to many typical channel effects such indoor environment [1]. Depending on the characteristics of
as Rician or Rayleigh fading and log-normal shadowing. The the environment3 has been observed to be in the range from
mt"e(:]?e'r'g‘ni‘é'tab'e for large systems with noncoherently combined v, for free-space to nearly six for cluttered paths [1]. The

' propagation model described by (2) nsultiplicative in that
Index Terms—Direct-sequence spread-spectrum, log-normal the received power is obtained by multiplying the transmitted
shadowing, near—far effect. . .
power by some random variables. Several other propagation
models, such as those involving the Nakagami distribution [2,
|. INTRODUCTION p. 40], are also multiplicative. The asymptotic analysis given in
this paper applies to a wide range of multiplicative propagation
gp]odels, not just the model specifically detailed in (2).
The parameterz is the minimum carrier-to-interference
ratio (CIR) needed for successful reception, and is determined
by such factors as the type of modulation and the receiver
Prj>=x ZPR:i + N (1) sensitivity. For typical narrowband systemsis in the range

] 1 < z < 10. For a direct-sequence spread-spectrum (DS/SS)

) ) ] ] system, the processing gain effectively reduces the effect of
wherez is the power ratio threshold}g ; is the received power jnterference from other transmitters, so the value zofs

at the base station due to transmitieand V' is a nonnegative royghly inversely proportional to the processing gain. For such
random variable that represents the effect of additive noisgsiems in the range0.1 < z < 1 is typical. It is assumed
such as receiver noise or interference from transmitters in othfe only that: > 0. If z < 1, then it is possible that more
systems. In a land mobile radio system, the received p@Wer (han one signal is captured. In general, at mbst |1/z]
from a remote station at radistscan be reasonably modeled ag,3nsmissions can be captured.

If a snapshobf a system is to be modeled, the distance
()
of a typical station from the base is assumed to be random
distributed, with zero mean and standard deviatign K, = Kr=% random. The term models the near—far effect, and its
exp(—c2/2) (so that E[K,exp(¢)] = 1), and Pr is the probab_ility distribution is dgterm_ined by the spatial distributio_n
transmitted power. The terd accounts for diffuse multipath Of stations and the relationship between power attenuation
fading with or without a specular component (i.e., RiciaAnd distance. We invoke the simplifying assumption that the
fading, shadowing, and locations of distinct stations, and
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determined by3 and Fg through the near—far effect.the limit of the probability of capture and encompass all of
The parameteb is insensitive to other effects such athe above-mentioned previous observations as special cases.
Rayleigh or Rician fading and log-normal shadowing.

2) In the limit of a large number of transmitters, the [I. DOMINANCE OF THE NEAR—FAR EFFECT
probability of capture is determined kyand the roll-off ON PROBABILITY ROLL-OFF
parameters.

_ _ _ To introduce ideas, we begin our discussion with a simple

These two points are addressed in Sections Il and Ill, respegse. Suppose the only factor governing the received power

tively. A numerical example is given in Section IV and finaljifferentials is the near—far effect, so thB®; = Kr—°Pr,

remarks are presented in Section V. where K and P are constant and the same for all trans-
A comment on the basic model of the paper is in ordenitters. Furthermore, suppose that the stations are uniformly

here. The basic result is a limit theorem, in which the numbelistributed within the unit disk, so the probability a station is

of stations tends to infinity. In engineering practice, limitvithin distancer of the base isFr(r) = 7% for 0 < r < 1.

theorems justify, or at least suggest, approximations. In thi@en

case at hand, th_e results of this paper suggest an approximate Fo(@) = PlPp > 2] = P[PrEr—" > 2]

capture probability for a base station surrounded by a large “1/p Y

number of stations. In practice, one could think of a fixed cell, = Frl(x/PrK)~"/7| = (z/PrK)~"".  (3)

and then I_et the numbe_r of_ stations within the ceI_I become vefy ;s Fg(z) ~ cpz=2/7 for some constantp. More gen-

large. Typically, transmissions from only the stations closest &qly, if the distribution function of distance from the base

the base stanop are captured..Reiasonany speaking, one vyg%on satisfies g (r)r—® — cg asr — 0, then F&(z) ~

not expect stations to get arbitrarily close to the base statiQy(z=1/8)e = ¢pz=2/% as z — oo. In this case, the

which is implied by letting the number of stations becomgjstripution of the power received from a typical station has
large. However, we have found that the limiting probabilityg)|-off exponenté = a/j.
of capture is approached closely even with a small number ofif the spatial distribution is “punctured,” meaning there is
transmitting stations (see Fig. 1). a positive lower bound on how close stations can be to the

There is another scenario with a large number of stationsase, thert's,(x) = 0 for z sufficiently large, which formally
Another, interesting and realistic limit scenario is now consi@orresponds td = .
ered. Suppose that there is a base station, which we designateor the example above, the tail probabilifys(z) falls
base station zero, serving stations within a cell of approximaié¢f as a negative power of asxz — oo. In contrast, the
fixed radiusRy. Suppose further that the cell is one of manyail probability falls off much more quickly for the random
cells in a much larger region, with radidg . One can increase variablesR, ¢¢, and other variables commonly used to model
the number of transmitting stations by increasifRg, with channel propagation characteristics. According to the follow-
the density of transmitters per unit area fixed. Note that tlveg proposition, these other variables do not affect the negative
transmitting stations far from base station zero are not everponent of: describing the falloff of the tail distribution. The
attempting to be captured by base station zero, since they preof of the proposition is given in Appendix A.
closer to other base stations. Nevertheless, they contribute t&roposition 2.1: Let Y = X7, where X and 7T denote
the interference at base station zero. The results of this pajpetependent, nonnegative random variables. Suppose for some
nearly apply to this scenario, the exception being the proper> 0, 0 < cx < oo andn > 0, that F§(z) ~ cxz~° as
treatment of the additive noise in this case. T — 00, limy— o FE(8)t°t" = 0, and P[T > 0] > 0. Then

In previous work, it has been shown for specific exampldss(y) ~ cyy~® asy — oo, for some constart < ¢y < cc.
that the limit of the probability of capture is insensitive For example, suppose that represents the received power
to Rayleigh fading, shadowing, and the characteristics #pm a typical station if, as above, only the near—far effect is
the spatial distribution of stations outside a neighborhod@ken into account. Theh = a/3. The random variabld’
of the base station [3], [4]. The past results on computirfgn be taken to be a Rayleigh, Rician, log-normal, Suzuki, or
the limit of the probability of capture all use one or bottNakagami distributed random variable [2], for example, since
of the following two assumptions: 1) Rayleigh fading ighe tails of all these distributions fall off at least exponentially
present, which allows the random variabR? in (2) to fast, easily insuring that the condition drf. required in the
have an exponential distribution and hence allows for &%oposition is satisfied.
analytical treatment [3][5], or 2) the spatial distribution of the FOr these case®?[XT > z] ~ cz~*/". Repeated applica-
stations follows the quasi-uniform distribution [4], [5] giventOn 02; the proposition implies thaP[XTy Ty - Ty > x] ~
by the density functionf(r) = 27,6—771’4/47 r > 0, where ca— ,WhereTl,---,Tk are_lndependent rand_om variables,
r is the distance from the base to the station. This qua&Pd €achis one of the types listed above. ThaXig; 75 - - - Ty,
uniform distribution permits one to analytically compute th82S the same roll-off exponent as alone.
distribution of the summed power of a number of stations.
However, the sensitivity of these past results to the exact IIl. INSENSITIVITY OF CAPTURE PROBABILITY
assumptions used is unclear and it is desirable to know if FOR A LARGE NUMBER OF STATIONS
the results would still hold if the assumptions were violated. The proposition below makes the point that in the limit of
The results presented in this paper show the insensitivity @flarge number of stations, the capture probability tends to a
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limit determined byz and the roll-off exponent of the tail 1.0 ] ' L L L T T
of the distribution of received power from a typical station.
Suppose the received powers forstations are independent ., gg |- X

and identically distributed with common distribution functionf'D_: B ‘\~}1‘\‘
F, and that the additive noise terid is independent of the % sk RN
received powers and has a distribution that does not depend™ N x\‘\

on n. Let P(n,k, 2, F") denote the probability that at least >~
k transmissions are captured, and &n, 2, /) denote the 2 0.4 L
expected number of transmissions that are captured. Note tifat [------- T e e
Plo k.. F) = 0 for k > 1-+[1/2], and thatt(n. . 1) = T A EAPG 1 SAONNG
>oney Pln,k, 2z, F) (since if X is a nonnegative integer- | .. NEAR—FAR WITH RICIAN FADING
valued random variable, theB[X] = > 72 P[X > k]). If —— NEAR-FAR ONLY
z > 1, then at most one transmission can be captured, and0.0 P "

0 1 10
P(n,1,z, F)and®(n, z, F) are both equal to the probability NUMBER OF STATIONS,
that capture occurs.

The asymptotic result is described using the following'™®
artificial infinite system. Imagine that the base station is located'
at the origin of the real line, and there are remote stations
located at the point$,, S», --- of a Poisson point process of[3] and [4], respectivelyg = 2, and the large: limit of the
unit intensity on the positive half line. Thus, there is a sequencapture probability given by (5) become§%sinc(%). This
of independent, exponentially distributed random variablessult is consistent with the result of [3] for a case including the
with mean one, and; is the sum of the firsf variables of the near—far effect, Rayleigh fading, and log-normal shadowing.
sequence. Imagine also that a station at coordingtenerates Furthermore, for the more specific casefof 4, (5) becomes
received powers—1/® at the base station. Equivalently, thesimply % which is consistent with the result of [2, p. 256]
received power from a station is at leasif and only if the for a case with the near-far effect and Rayleigh fading and
station is in the interval0,z~°]. Given that a station lies with the result of [4] for the near—far effect only case.
in [0, L] for some large constart, its location is uniformly ~ We consider a numerical example for a uniform spatial
distributed over0, L] by the nature of Poisson processes. Falistribution of remote stations, a power ratio thresheldf
such a station, the conditional distribution of received powér dB (or 3.98), and a roll-off exponent of four. These
has complementary distribution functidfi“(z) = (z=°)/L parameters yield a capture probability limit $§3.98,0.5) =
for sufficiently large z, and this distribution has roll-off 0.319 as determined by (5), wheré& = 2/ for this case.
paramete. Thus, intuitively, the artificial infinite system isin Fig. 1, we show the capture probabilities for cases in
closely related to large finite systems with the safnd.et which the near—far effect alone is present and for cases
p(k, z,6) denote the probability that at leakttransmissions that also include Rician fading with a line-of-sight (LOS)
are captured, and let(z,6) denote the expected number ofo multipath signal-power ratid(g;.;., = 6 dB (see [1] or
transmissions captured, for the infinite system. [2]) and Rayleigh fading. The case of combined Rayleigh

Proposition 3.1: Supposez > 0. If for some § > and log-normal shadowing is also shown (i.e., the Suzuki
0, F°(x) ~ cz~? for some nonzero finite constaatthen distribution, see [2]). For this shadowing case, we note that

in (2) the standard deviation of¢ expressed in decibels
lim P(n,k,z, F)=plk, 2,8, fork>1 (4) (i.e., the standard deviation @f log;,(c¢)) is denoted bys,
[ B and is related tar, by o, = 0.11n(10)s,. We have chosen
nlggoé(n,z,F) = #(2,9). ®) a shadowing parameter, of 6 dB in Fig. 1. All of these
fading and shadowing cases have the same capture probability
limit as the case that has the near—far effect only. Both of
2 sine(8), FO<6<1 'the Rayleigh fading cases were compu.ted using numerical
P(z,0) = {0 i8> 1 (6) integration (see [3] and [6]). The remaining two cases were
’ - generated using very long simulations in which the resulting
confidence intervals were too small to show.
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ig. 1. Capture probabilities for = 6 dB, 3 = 4, s, = 6 dB, and
y ician = 6 dB.

Furthermore,

Here sinc(6) = sin(wé)/(n6). Proposition 3.1 is proved in
Appendixes B and C.

V. FINAL COMMENTS

IV. IMPLICATIONS AND NUMERICAL RESULTS Caution should be used not to place too much importance

Together, Propositions 2.1 and 3.1 imply that for a largen the largen limit of capture probability. First of all,
class of spatial distributions, Rayleigh and Rician fading aras emphasized in [3], it is not necessarily an upper bound
log-normal shadowing do not affect the largelimit of the on the achievable throughput, because evem ifs large,
capture probability. For example, this class includes all spatelretransmission control strategy can be used to effectively
distributions Fr(r) for which Fr(r)r~® — cr asr — 0. decrease the number of simultaneous transmitters to a near-
For the uniform and quasi-uniform cases that are treated dptimal level. Second of all, when is large, the stations that
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are successful will tend to be closer to the base station, so tRatthermore, integration by parts and the assumptiong’en
after some period of operation relatively fewer of the closgield that

stations will require transmission. This could severely decrease .

the actual observed capture rates in practice. s s § e /a8 |00

Nevertheless, the identification of the langdimit is useful, B[] = /0 #dbr(t) - ()l
since: 1) it offers a convenient check on numerical computa- 00
tions for finiten, 2) for large, highly mobile networks, it offers + 5/ LR () dE < oo,

a simple approximation for the expected capture rate. '

A related research problem that is worthy of further invesimilarly
tigation is the determination of the largelimit of the capture
probability for the case of a diversity system (e.g., multiple s [ s
receiving antennas). This problem was investigated for the () 2 (ex = gy™ /0+ #dlr(t).
case of a dua]-divers_ity system with ind_ependent Rayleigh > (cx — )y (E[T?] - ¢) all largey.
fading by Zorzi [7]. Given some assumptions on the spatial
distribution, Zorzi's results indicate that the largdimit does g e > 0 is arbitrary, it follows thatlim,_.. F¢(y)y® =
in fact depend on the presence of Rayleigh fading unlike tlge E[T]. Proposition 2.1 is proved.
results for the no-diversity case studied in this paper.

An interesting extension of this work would lie in finding
the appropriate density of base stations to serve a population
of mobile users, along the lines of the spectrum efficiency
described in [8]. The straightforward application of the results The proof of Proposition 3.1 is divided between this and
in this paper apply to the case of one base station with a laffpe next Appendix. Equation (4) is verified in this Appendix.
population of mobile users. However, one could imagine Equation (5) follows immediately from (4) since at most
large population of mobile users together with a number &f+ |1/z] transmissions can be captured for either the finite
base stations located at different spatial locations. In that cagegr the infinitern model. The next Appendix completes the
our results could apply to the effective throughput seen at egatoof by establishing (5). Fi%x with & > 1 for the remainder
base station, though some additional work will be required @ this Appendix.
determine joint statistics. These throughputs together with theWe pause to give some intuition behind the proof of (4). The
desired system capacity can be used to determine the corrlistribution of power received from a typical station has the
(minimum) density of base stations to achieve a given leveame roll-off parameter as the random varialite!/?, where
of performance. U is uniformly distributed on[0,1]. The kth largest power

The basic model studied in this paper assumes that transméseived fromn independent stations is thus distributed like
sions are not power controlled. In some large cellular systenf&,(*))~1/%, whereU*) is the kth smallest ofn independent
stations may exert power control, but many of the statiomandom variables, each uniformly distributed @n1]. By
may be controlling power received at base stations other thidwe well-known theory of order statistics (see [9, Section 1.7]
at base station zero (the particular base station of interest,[10, p. 335]) the joint distribution ofnU®) ... nU))
as in the introduction). Thus, the power received at basenverges as — oo to the distribution of Sy, - -+, S). Thus,
station zero from each of a large number of distant interferidgr large » and J
stations is not tightly controlled. Perhaps the results of this i
paper can be modified to provide insight into the effects (n.k, 2, F) m P|(UR)~1/0
such interference, in particular in connection with advanced ’
methods of multiple-access detection at base station zero.

APPENDIX B
UNIVERSALITY OF THE LIMIT

z
>_° (y-1/8
> 1+z{(U ) +

H(UW) N}}
APPENDIX A =P |(nU"NH~L/o > 1i7{(nU(1))—1/5 n

PrROOF OF PROPOSITION 2.1

JN—1/6 —1/6
Givene > 0, choosex > 0 so small thatF§ (z)z° —cx| < U)o N}}

e for z > 1/«. This inequality and the fadt'{ () < 1 impl
/ quality () < 1imply P[5 {5—1/6 +s—1/6}}
Fe(y) :/ i () arr(t) ~ p(k, 2, 6).
o+ t
ay
_ e/ e (Y We now turn to the actual proof of (4).
B /0+ Fx (?)dFT(t) +/ay+ Fx (?)dFT(t) Let I denote a distribution function with’(0—) = 0.
s [V s Givenn > 1, let Z1,---,Z, be independent, identically
(ex +e) / t°dFr(t) + Froy) distributed random variables with distribution functiéh Let
0+ ZW ... Z®™ denote the correspondirdecreasingsequence

< (ex + Oy E[I°] + o((ay)™*). of order statistics, which by definition is formed by a random
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permutation otZ;, - - -, Z,, suchthaZ > ... > Z(® Then  Define, forl <k < J < n < oo, (for brevity, we suppress
P(n,k,z, F) can be expressed @(n,k,z, F) = P[Z*) > the variablek from the notation)

72120 4+ 4+ Z0Y + N}]. Assume that™(z) ~ ca™* as () 118 W 1-1/6
z — oo, where§ > 0 and0 < ¢ < . Z(J77—L):|:L:| __Z {L} 4o
Similarly, p(k, z,8) can be expressed as a(U®) 1+ | La(UW)
U0 17V
e —1/s
plk.2.8) = P[0 2 o {570 45,1 4} _{MUwJ e
(6)
The law of large numbers implies thef;/; — 1 with and, forl < J < oo
probability one ag — oo, which implies thatp(k, z,6) = 0 Z(J) = 5;1/5 - ﬁ{gl—l/é 4o g 5;1/5}

for 6 > 1.

Lemma 7.1:1f F(x) ~ cz™°, whereé > 0 and0 < ¢ < so that P(n,k,z,F) = P[Z(n,n) > 0] and p(k,z,68) =
oo, then there is a bounded functian on the interval (0, P[Z(c0) > 0]. By the observations above(J,n) = Z( )
1) with lim,—oa(x) = 1 such that ifU is uniformly dis- asn — oo, and by monotone convergencs(J) = Z(xo)
tributed on the unit interval, theji//a(U)c]~*/¢ is monotone as JJ — oc.
nonincreasing i/ and has distribution functiod'. Supposed > 1. SinceS;/j — 1 with probability one, it

Proof: Following standard theory, defing by g(u) = follows that Z(.J) — —oco with probability one as/ — oc.
inf{z: F°(z) < u} for 0 < w < 1, so thatg is a version Given e > 0, fix J sufficiently large thatP[Z(J) > —1] < e.
of the inverse function of. Theng is nonincreasing, right SinceZ(J,n) = Z(J), it follows that if n is sufficiently large,
continuous, andy(v) < « if and only if v > F°(x). This thenP(n,k,z, F) < P[Z(J,n) > 0] < P[Z(J) > —1]+ €<
last relation implies thaiy(U) has distribution functionf”. 2¢. Since e > 0 is arbitrary, lim, ... P(n,k,z, F) = 0.
Seta(u) = u[g(w)]’/c so thatg(U) = [U/a(U)c]~'/%. In Relation (4) is thus established df> 1.
view of the properties ofy, it remains only to show that In the remainder of this section assume that § < 1, for
lim, . a{u) = 1. This last relation follows from the following it remains to prove (4) in this case. The key is to bound the
fact, which itself is easy to verify by a simple sketch: If fodifference R = Z(n,n) — Z(J,n)

e>0andz, > 0, |[Fé(x)x’® — ¢| < ¢ for > x,, then Lemma 7.2:Given ¢, > 0, for any J sufficiently large,
P[R > n] < ¢ uniformlyin n > J.
la(u) — 1] < ¢/c for 0 <u < ex;?(1—e). Proof: Fix b with 0 < b < ¢~ and integersy, J with

1 < J < n, Observe thakU) < bj if and only if at least;
0 of the uniform random variables are less than or equéj fa.

In view of the lemma, we can write far < J < n Therefore, using3(n, p) to denote a random variable with the
binomial distribution of parametersandp, PnU%) < bj] =
P(n, k, 2, F) P[B(n,bj/n) > j]. Apply the two inequalitiesP[B(n,p) >
(k) 1-1/5 W) -1/ J1 < (5)p' (this inequality follows by viewingB(n, p) as the
- [L} > _Z [L} 4+...  sum ofn Bernoulli random variables, and noting that there
a(UM) T 14z La(UW) are ("!) (overlapping) ways in whictB(n,p) > j can occur)
@) 178 and (") < (ne/j) to yield
+ {%} +R+n"YN (7) ! p p p p
«U) P[nUY < bj] < (nefj) (bi/n) = (b).  (8)

where UM ... U™ denotes theincreasing sequence of Usmg‘ th_e union bound technlque,. sum the right side of (8)
over j with J +1 < j < n to obtain

order statistics oh independent, uniformly distributed random

' J+1
variables, and PlnU < bj for somey, J+1 < j <n] < —(fb) - (@)
—e
—-1/6 n —-1/6 . .
= { nU+D } . { ny™ } Let0 < § < 1. Note that? > 0 with probability one. On the
a(U+) a(UM) other hand, using (9), and setting= sup{a(u): 0 < v < 1}
yields
The representation (7) is useful since, as well known ;
from the theory of order statisticg§pU® -+, nU)) = byL/e Z el < (eb)”*+t
(S1,---,85) as n — oo, where =" is used to Pyt ~ 1l—eb’
denote weak convergence. See [9, Section 1.7], or note
that (nUW, ... nUM)) has the same distribution asBounding the sum on the left above bff”+~*/*dz, and

(S1,--- SJ)(TL/Sn+1) [10, p. 335], so it suffices to note thatsimplifying yield

by the Iaw of large numbers,/S,, ;1 = 1). This explains the 5 G A\L/6 (cb) 7+
appearance of;’s in (6). In addition, the fachlU() = S; P{R > —(ﬁ) } < . (10)
implies thatU7\/) converges in probability to zero as— oo 1-6%\6J 1—eb

for j fixed, so thata(U¥)) = 1 asn — oo for j fixed. Equation (10) implies the lemma. O
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Note that Z(oo) has a continuous distribution functionWe remark that the ever{iW < t} occurs only if there is
since Z(~c) is a strictly increasing function of thé + 1st no ordinary arrival in the intervao, ¢—%], so that P[W, <
exponentially distributed random variable (which itself hag < exp(—(T" A t~%)). From this, it follows that by taking
a continuous distribution function) in the sequence definiryfficiently small, the contribution to (15) due to integration
(S; :j >1). In addition, Z(J) = Z(o0), so that givere > 0 over [I"~1/%/z, ¢] can be made arbitrarily small, uniformly in
there exists; > 0 so that for allJ sufficiently large T for T sufficiently large. Thus, takin@” — oo in (15), and

P[Z(J) > o] < P[Z(oo) > 0]+ (11) letting W = limy_.., Wz denote the sum of powers for the

» . infinite system, yields that
PIZ(J) 2 20) > P[Z(c<) 2 0] — . (12)

2 — V—(S = < —6—1 .
By Lemma 7.2, taking/ even larger if necessary guarantees ¥z,0) =z 6/0 PV <1t dt (16)

that PIR > 7] < ¢, or equivalently that Recall that the Gamma function is defined hYs) =

Pl|Z(n,n) = Z(J,n)| >n] < e (13) Jy @* ! exp(—w)dz, so that
for all n > J. Finally, taken so large that i /Oo exp(—st)s®ds/T(6 + 1). (17)
PIZ(Jn) = Z()) 2 < e (14) ’

Use (17) to substitute for—°—! in (16), change the order of

Inequalltles (13) and (14) and the trlangle |nequallty Imp|}htegrat|0n and |ntegrate by parts to obtain
that P[|Z(n,n) — Z(J)| > 2n] < 2¢. Therefore, by (11)

P[Z(n,n) > 0] < PIZ(J) > —2n] + 2 ¢z, 0) 5 Y / / P[W < t]exp(—st)dtsds
< P[Z(c0) > 0] + 3. ) -
W*(s)s"Ld (18)
and by (12) r(6+1) / ?

5 whereW* is the Laplace transform of the density df.

> 0] > > 2n] — ; . .
PlZ(n,n) 2 0] < P2 z 2n) - 2¢ The random variabl&V is the sum ofN(7") random vari-
> P[Z(c0) > 0] = 3e. ables, each distributed &1/ for U uniformly distributed

Therefore, |P[Z(n,n) > 0] — P[Z(oo) > 0] < 3¢ Since over[0,7T]. Thus, the Laplace transform of the densityl&f-

e > 0 is arbitrary, the proposition is proved. 's given by )
. T* exp(— f exp(—su~®)du
APPENDIX C Wr(s) = Z Ll { ° T
IDENTIFICATION OF THE LIMIT k=0
T
Expression (5) is verified in this Appendix, thereby com- = exp / [exp(—su/%) — 1]du|.
pleting the proof of Proposition 3.1. A by product of the proof 0

of (4) given in Appendix B is thap(k, z,6) =0 if k > 1 and Letting againT — oo, and also using a change of variables,

& > 1. Consequentlygp(z,8) = 0 for 6 > 1. Hence, for the . . N )
remainder of this Appendix, suppose< 6 < 1. m(tae%rt?tg(i): by parts, and the definition of the Gamma function,

GivenT" > 0, consider a new system that approximatevg C
the infinite one, defined as follows. Stations are distributed W*(s) = exp / [exp(—su /%) — l]du}
over the interval0, T'] according to a Poisson process of unit L/o
intensity, and the received power for a station located it . i —5—1
s~Y/%, Let ¢r(z,8) denote the corresponding mean number = =P 6/ [exp(—st) — 1]t dt}
of captured transmissions. Sinééoc) has a continuous dis- I i s
tribution function, it is clear thai(z, §) = limy .o 7 (2, 6). = exp —S/ exp(—st)t dt}

Well-known properties of the Poisson processes imply that T s 0
¢r(2,6) is equal to the mean number of statiofis, times = exp[=s"I'(1 - 6)].
the probability that atest stationachieves capture. A testSubstituting this expression fd#* into (18), doing a final
station is uniformly distributed over the interl 7], and the change of variables = s®, and using the fadf(1 + §)I'(1 —
interference power it encountershigr, the sum of the powers §) = I'(§)I'(1 — §) = mese(nd) (see [11, egs. (15) and

of all ordinary stations, given by = S7/° +- S;,éé‘;, (17)]) yields that
where N(T') is the number of ordinary stations. Thus, using =6 oo
a change of variable ¢(z,6) = 6 +1) / exp(—vI'(1 — 6))dv

=6
YT

o0 =z %sing(é
= 2_66/ PWy < tjt7%~tdt. (15) o)
-8/ which is the desired expression (5).

1

T
pr(2,8)=T T/ PLWr < 57/ ds
0
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