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Figure 1: A typical load sharing network (U, V, N).

1 Introduction

Economic pressures and reliability considerations generally lead to communication networks with
load sharing capabilities and highlight resource allocation as a fundamental issue in network design.
The objective of resource allocation in such systems is oftentimes consumer satisfaction, which may
translate to minimizing consumer blocking or achieving fairness by load balancing. Regardless
of its objective, an essential aspect of a resource allocation policy is implementability: Practical
considerations require allocation policies to have low complexity, require little information about
the network state, and be robust to changes in the traffic parameters. This paper concerns trade-offs

implied by these requirements.

In this paper the mathematical abstraction of a load sharing network is a triple (U, V, N'). Here
U is a finite set of consumer types, V' is a finite set of locations, and (N(u) CV :u € U) is a set of
neighborhoods (see Figure 1 for an example). A demand for this network is a vector (A(u) : u € U)
of positive numbers. In a dynamic setting A(u) denotes the arrival rate of type u consumers. Each
consumer is served, starting immediately upon its arrival, for the duration of its holding time.
The neighborhood N(u) denotes the locations that are available to type u consumers, in the sense
that each such consumer can be served only at a location within N(u). An allocation policy is an
algorithm that assigns consumers to locations within their respective neighborhoods. The load at

a location is the number of consumers at the location.

Load balancing is a possible guiding principle for resource allocation, whereby the load is allo-
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Figure 2: Load under the Least Load Routing policy.

cated across locations as evenly as possible (see for example, Chiu et al. (1989), and Ganger et
al. (1993)). There is a rich literature on load balancing, and both static and dynamic versions
of the problem have been studied by numerous authors (e.g. Liu and Silvester (1988), Willebeck-
LeMair and Reeves (1993), and references therein). Most of this work focuses on algorithms for

load balancing, and studies the performance through simulations or under simplifying assumptions.

A reasonable allocation policy for dynamic load balancing is the “Least Load Routing”(LLR)
policy, which assigns each consumer to a location with the least load in the associated neighborhood.
To observe a typical behavior of the network load under the LLR policy, consider the load sharing
network of Figure 1. Suppose that the network demand is A = (v,7,7) so that the arrivals of
consumers of each type form a Poisson process of rate v. Each consumer remains in the network
for an exponentially distributed amount of time, with unit mean. Finally, suppose that initially
location 1 has zero load, whereas location 2 has load 3. Figures 2(a)-2(c) depict typical sample
paths of the normalized load, defined as the load divided by +, at the two locations for v = 1, 10, 100,
for the time interval [0,8]. In the limit as « goes to infinity, the normalized load converges to
the deterministic trajectory depicted in Figure 2(d). Deterministic descriptions of this sort are

commonly referred to as fluid limit approzimations.



This work focuses primarily on the optimality properties of the LLR allocation policy (and
variants) implied by the corresponding fluid limits. The main results of the paper are that in the
heavy traffic regime, (1) the LLR policy is asymptotically optimal in the sense of minimizing a
long term average cost (Theorem 7.1, and similarly for a model including migration, Theorem 9.1),
(2) variants of the same policy achieve the minimum blocking probability in the case of locations
with finite capacities (Theorem 8.1). As discussed in Section 3, the Bernoulli Splitting policy, in
which consumers are assigned to locations at random upon arrival, also shares these optimality

properties, if the splitting probabilities are suitably chosen.

A fluid limit analysis is used in the paper, along the lines of Hunt and Kurtz (1994). That paper
focuses on trunk reservation policies for networks with finite capacities, and considerable analytical
difficulties arise. Asymptotic optimality of trunk reservation strategies for a single resource location
is established in Hunt and Laws (1995). Fluid methods are used in Hunt and Laws (1993) to examine
trunk reservation in a different regime, namely large numbers of locations with fixed capacities. A
related paper on dynamic load balancing is that of Winston (1977), which shows that for routing
to two queues, the send-to-the-shorter queue policy is optimal in a strong sense. Previous work
dealing with load balancing in networks is that of Section 7.4 of Bertsekas and Tsitsiklis (1989),
which considers an algorithm in which load is shifted around a network without constraints, in an
asynchronous fashion, based on possibly delayed reports of load at the neighboring nodes. It is

shown that the load at all locations converges to the average load.

The outline of the rest of the paper is as follows: Section 2 gives some preliminary results regard-
ing static load balancing. Section 3 defines the basic dynamic model, in which consumers remain
stationary in the network until departure, and locations have infinite capacities. The dynamic
resource allocation problem is formulated as a stochastic optimal control problem with a long term
average cost, which is to be minimized within a set of practical controls. The results for the static
load balancing policy are used to provide a lower bound on the performance of arbitrary controls.
Section 4 describes the LLR policy. Sections 5 and 6 identify the fluid limit approximation of the
network load under LLR as the solution to certain integral equations with boundary constraints.
This solution converges to an optimal point in equilibrium, and Section 7 exploits this fact to

establish the asymptotic optimality of LLR. Section 8 considers the case in which locations have



finite capacities, and the resource allocation problem is defined as the minimization of blocking
probability. It is shown that a class of Least Relative Load Routing (LRLR) policies asymptotically
achieve the smallest blocking probability for large arrival rates. A connection with trunk reserva-
tion policies is discussed. Section 9 generalizes the results of Section 7 by considering an infinite
capacity network in which consumers can migrate. Section 9 can be read independently of Section

8. A summary of conclusions and final remarks are collected in Section 10.

2 Preliminaries: The Static Load Balancing Problem

This section concerns the static load balancing problem, which plays an important role in the
discussion of the dynamic load balancing problem of Section 3. The notation and results of this

section follow Hajek (1990), though only separable cost functions are considered in that paper.

Given a load sharing network (U,V,N), we say that an assignment a, given by (ay, : v €
U,v e V), is admissible if ¢ > 0 and a,, = 0 whenever v € N(u). Given a demand vector A, an
admissible assignment a satisfies demand X if }°, ay, = A(u) for all u € U. The load at location
v € V corresponding to assignment a is given by ¢(v) = >, @y, and ¢ = (g(v) : v € V) is called

the load vector.

Let Ay be the set of admissible assignments that satisfy demand A. Let ® : RY — R be
a strictly convex, differentiable function which is symmetric in its arguments. The static load

balancing problem (SLB) is defined as
SLB(A\, ®) : Minimize(®(q) : a € Ay).
The proofs of the following three lemmas can be found in the Appendix.

Lemma 2.1 There ezists a solution to SLB(\, ®). An assignment a € Ay is a solution if and

only if for all w € U, and all v € N(u)
aypy =0 whenever q(v) > my(q), (2.1)

where my(q) = min,en(y) ¢(v). Furthermore, all such assignments yield the same load vector.



Lemma 2.1 implies that if a,, > 0 and a,, > 0, then z(v) = z(v"). Thus, U and V can both

be partitioned according to load levels, as indicated in the next lemma.

Lemma 2.2 There ezists a unique partition {Vi,Va,---,Vy} of V, and a unique partition
{U1,Us,---,Us} of U such that for any assignment a satisfying condition (2.1), and the corre-

sponding load vector q,
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Let the function W : RE{ — R denote the value of SLB as a function of the demand vector, i.e.,
U (A) = ®(q), where ¢ is the unique load vector corresponding to the solutions of SLB(A, ®). The

following lemma holds:

Lemma 2.3 The function ¥ is conver.

While this paper focuses on dynamic resource allocation, we comment briefly on the classification
of problem SLB. The cost is convex and the constraint set is that of the basic assignment problem,
well known to be a special case of the network flow problem, which in turn is a special case of a
submodular system of constraints. As seen from Lemma 2.1, the solutions to SLB are the same for
all @ satisfying the specified assumptions, so that in solving SLB ® can be taken to be quadratic and
separable. Further, SLB with integer constraints can be solved by suitably rounding off solutions
to SLB. See Hajek (1990) for discussion of SLB in particular, and Ibaraki and Katoh (1988) for
polynomial time algorithms for the more general setting of constraints based on a submodular

system.



3 The Basic Dynamic Load Balancing Model

Given a load sharing network (U,V,N), a demand vector A\, and a positive number 7, consider
the following stochastic description of the network dynamics: For each u € U consumers of type
u arrive according to a Poisson process of rate yA(u), the processes for different types of arrivals
being independent. In this section we assume that each location has infinite capacity; therefore,
the network can accommodate every consumer immediately. This assumption is relaxed in Section
8, in which finite capacities are imposed on the locations. Each consumer has a holding time that
is exponentially distributed with unit mean, independent of the past history. In the basic model it
is also assumed that consumers do not change their types until they depart from the system. This
assumption is relaxed in Section 9, which introduces a model such that consumers can migrate in
the sense that their types change. Optimal repacking and Bernoulli splitting policies are discussed

at the end of this section.

Let X;(v) denote the load at location v € V at time ¢, and set X; = (X¢(v) : v € V). The
consumer arrival and departure times, together with the allocation policy and an initial condition,
determine the load process X = (X; : ¢ > 0). In this paper, scaled loads will be considered; so in
addition to the assumptions on @ stated in Section 2, it is assumed that ®(cx) = #®(z) for all
¢ > 0and x € RV for some p > 1. This implies that U(cA) = c?¥()) for A € RY. A possible
example for @ is ®(z) = >, (z(v))?. The performance measure for an allocation policy 7 is the

long-term average cost J7, defined by
1 T
e _
Jy = th_l)ng T/O O(Xy)dt | Xg =9 |,
The dynamic load balancing problem is to determine the set of allocation policies that minimize JJ.

Let Ly(u) denote the number of type u € U consumers in the network at time ¢, and set
L; = (L¢(u) : uw € U). Note that consumer arrivals and departures, and hence the process L = (L :
t > 0), are not affected by the assignment decisions. Therefore, the value of problem SLB(L;, ®)
yields a lower bound on the instantaneous cost at time ¢ under any allocation policy. The process
(L¢(u) : t > 0) for fixed w is an M /M /oo queue length process with load factor yA(u); hence the

equilibrium distribution of L is described by a vector (Leo(u) : u € U) of Poisson random variables



with mean vector vA. This implies the following lower bound on the cost of general allocation
policies:

1 T
J™ > liminfE lf/ U (Ly)dt | Xo = o
0

T—o0

= EV(L)]

> WA = PP, (3.1)
Here, the second inequality follows by Lemma 2.3 and Jensen’s inequality.

While LLR is the allocation policy concentrated on in this paper, and it is defined in the next
section, Optimal repacking (OR) and Bernoulli splitting (BS) are alternative allocation policies.
Repacking a consumer entails changing its assigned location. The OR policy is a brute force
approach whereby at each time ¢, the consumers in the network are repacked so as to solve the
problem SLB(L;, ®), with the additional constraint that the assignment a have integer coordinates.
This policy minimizes J7 over all policies . However it requires repacking of consumers, which,
in some applications, may not be feasible due to operational constraints. Furthermore it can
be implemented at a cost of O(|V||U] + |[V]?) computations per consumer arrival and consumer

departure, which may be impractical for large networks.

The BS policy, on the other hand, is a randomized nonrepacking policy under which each
arriving type u consumer is assigned to location v with probability a,, ,/A(u), where a is an optimal
assignment for the static problem SLB(\, ®). Since independent splitting of Poisson processes and
merging of independent Poisson processes again yield Poisson processes, the load at any location
under BS is an M /M /oo queue process. The limit of normalized cost 7_1’,]735 as vy — oo is U(X),
which in view of (3.1) is the minimum possible normalized cost. Later sections of this paper
establish the same asymptotic optimality property for the LLR policy. Thus, BS has the same
asymptotic optimality property that is established for LLR. The BS policy also has the same
asymptotic optimality properties that are established for LLR for networks with finite capacities
and for networks with migration, as long as a solution to the corresponding static allocation problem
is used to specify the routing probabilities in BS. However the BS policy explicitly uses the arrival
rates; thus it is not robust to changes in the traffic parameters. Furthermore analysis more sensitive

than the fluid limit approach taken in this paper can discriminate between the performances of the



BS and the LLR policies. For example Alanyali and Hajek (1996) considers a large-deviations type
analysis of a simple network of three consumer types and two locations, and establishes that the

BS policy has a higher overflow rate than the LLR policy.

4 Least Load Routing

The LLR policy, in the context of the basic dynamic load balancing model, is defined by the

following assignment rule:

e When a type u consumer arrives, it is assigned to a location v € N(u) with the minimum
load. If multiple locations achieve the minimum in N (u), the consumer is assigned at random

to one such location, each location having equal probability.

The LLR policy is a nonrepacking policy and costs |N(u)| comparisons per consumer arrival of
type u € U. Another desirable feature of LLR is that it can be implemented in a distributed manner
by using one independent assignment agent per consumer type. Each arrival can be assigned to a
location based on partial information about the network state. Furthermore, LLR is robust with
respect to the network demand. On the other hand, LLR is a myopic allocation policy and is not
necessarily optimal for finite arrival rates. The LLR policy has been studied by a number of authors
and has been shown to have a poor worst-case performance relative to the optimal nonrepacking

policy (see Azar et al. (1992)).

Under LLR, the load process X is Markov on the state space Z}r/. For v € V, define the operator
T, : Z}_/ — ZX as
(W) +1 ifv =w,

(Tyz)(v") =
x(v") else

for all x € Z}r/. Then the off-diagonal entries of the generator matrix of X are given by

Ha(w)=m.(z)} e
Z’U.EN_I(’U) ’}/A(U) Zv’eN(u) H{z(v))=mu(z)} if y ="Tyx

Qlz,y) = z(v) ify=T12 (4.1)

0 else,



where N='(v) = {u € U : v € N(u)}.

In principle, given a load sharing network, one can compute the equilibrium distribution of X
and thereby the cost incurred under the LLR policy. However, it is computationally intractable
to obtain an expression for the cost of LLR for arbitrary networks through an expression for the
equilibrium distribution. As an alternative approach, we study the network for large values of the
parameter v and, by obtaining fluid limit approximations, evaluate the performance of the LLR

policy for arbitrary network topologies.

5 Convergence

This section addresses the weak convergence of the network load as v tends to infinity. The main
result, Lemma 5.3, characterizes the possible weak limits of the load process, properly normalized,

as solutions to certain fluid equations.

Let the normalized load process X7 be defined as X7 = v~ !X, where X denotes the network
load under the LLR policy. Assume the existence of a finite number K such that E[>", X](v)] < K
for all . For z € RV define

H{x(v) = my(x)}
Zv’EN(u) I{[L‘(U') = mu(x)}

aup (1) = Alu),

and let
t
Az,v(t) :/0 au,v(Xg)dS- (5.1)
For each v € V/, the drift of the process X7(v) at time ¢, given that Xj = z,is7v™' 3", c v (y(v) — vz(v))
Q(vz,y), which by (4.1) is given by (3,cn-1(s) @uw(®)) — 2(v). Therefore, the process M7 (v) de-
fined implicitly by
t
X[(0) = X{0) + M)+ Y AL - [ XD()ds (52)
ueN—1(v) 0

is a local martingale with M{ (v) = 0. (See Section 4.7.B and Problem 4.11.15 of Ethier and Kurtz
(1986) ).

10



Lemma 5.1 Forv €V, M7 (v) is a square integrable martingale, and

El(M] (0))%] < —(2t Y Mu) + K). (5.3)

2=

Proof. Let 7, = inf{t : M; (v) > n}. Since the local martingale M7 (v) has jumps of size v 1,

the process Mg\m (v) is bounded and hence is a square integrable martingale. Thus,

E[(Mj)r,, (0))°] = E[[M(v)]inr,]
< %E[number of jumps of X7(v) in [0, ]]
< DA+ ).

where [M7(v)] is the quadratic variation process of M7 (v). Fatou’s Lemma implies (5.3). Finally
(5.3) implies that M”(v) over any finite interval is uniformly integrable; hence it is a martingale.

a

Remark 5.1 By Doob’s L? inequality and Lemma 5.1,

E[sup (M (v))’] <4E[(M] (v))°] = 0(y7").
0<s<t

Therefore, M7 (v) = 0 for allv € V.

Lemma 5.2 ( Tightness ) If the sequence (X : v > 0) is tight, then the sequence of processes
(X7, A7) : v >0) is tight.

Proof. By Proposition 3.2.4 of Ethier and Kurtz (1986) it suffices to show the tightness of (X7)
and (A7) separately. Towards this end, the observation

A 0(0) =0,
0 < A1) —A,(s) < (t=9)A(u)

11



for t > s, yields the tightness of (A”) (Ethier and Kurtz (1986), Theorem 3.7.2). This, along with
Remark 5.1 and the representation (5.2), implies that to establish tightness of (X7) it suffices to
establish the tightness of (f; X7 (v)ds). Observe that if 0 < a,b < t, then

/Oa X7 (v)ds — /Ob X7 (v)ds

< Ja—b ( sup Xz(w).

0<s<t
Note also that
1
E[sup X](v)] < E[—(total number of arrivals in [0,t]) + ZXg(v)]
0<s<t v

5
<ty Au)+ K,

thus Markov’s inequality yields that for each > 0

>, A K
P ( sup X7 (v) > M) <, (5.4)
0<s<t n
and the desired result follows by Theorem 3.7.2 of Ethier and Kurtz (1986). O

Lemma 5.3 ( Convergence of Subsequences and Fluid Equations ) If X] = ¢, then every
subsequence (X7, A") has a further subsequence (X7r, AT ) such that (X", ATr) = (x, A),

where (z, A) satisfies the following fluid equations :

zi(v) = zo(v) + Z )Au,v(t) —/0 zs(v)ds (5.5)

ueN—1(v
Ayuw(0) =0, Ay,y(t) nondecreasing, Z Ay (t) = Au)t, (5.6)
vEN (u)
t
[ 1) > mulw)dAu () = 0. 6.7
0

Proof. Let (v, ) be a subsequence of v, — oo such that (X7"x, A7) converges weakly. Let
(z,A) denote the limit. By Skorokhod’s theorem (Ethier and Kurtz (1986), Theorem 3.1.8), the

processes can be constructed on the same probability space such that the convergence is almost

12



everywhere. The limit = is continuous with probability one and the convergence is uniform on

compact time sets (Ethier and Kurtz (1986), Lemmas 3.10.2 and 3.10.1 respectively); therefore,

lim /Ot X" (s)ds = /Otm(s)ds

n—00

with probability one. Since M7 — 0, (x, A) satisfies Equation (5.5) with the initial condition .
By (5.1), (X", A" ) satisfies conditions (5.6) and (5.7) for all k. The relation (5.6) defines a
closed subset in the Skorokhod topology, hence it is satisfied by the limit A. Since

[ X 0) > ma (XA ) =0,

it follows that
t
| 7 0) = mu (X)) A1 AT () = 0. (5.8)

By Lemma 2.4 of Williams and Dai (1995), we can take a limit in (5.8) along the subsequence (v, )
so that (z, A) satisfies (5.7). This establishes the lemma. O

6 Analysis of the Fluid Limit

In this section we concentrate on the solutions to the fluid equations (5.5)-(5.7), existence of which
is known due to Lemma 5.3. In particular, via a monotonicity argument, Lemma 6.2 establishes
that there is a unique load trajectory that solves the fluid equations, and Lemma 6.4 identifies the

limit point of this trajectory. We start with a remark.
Remark 6.1 Equation (5.6) implies that A, , has a density a,, such that EveN(u) ayp(t) =

A(u) for almost allt > 0. Therefore, x and A are almost everywhere differentiable, and whenever the

derivatives exist, Ay o(t) = ayo(t), 1(v) = (X, tup(t)) —2¢(v), and I{x(v) > my () }ay(t) = 0.

Lemma 6.1 ( Monotonicity ) Suppose (', A") and (x, A) are two solutions to the fluid equations
5.5)-(5.7) with x{(v) > xo(v) for all v € V. Then x}(v) > z¢(v) for allv € V and t > 0.
0 t

13



Proof. To prove the claim by contradiction, suppose that the conclusion is false. Take € > 0 so

that ¢; defined as follows is finite:

ty = inf{t > 0: z4(v) — x}(v) > € for some location v € V'}.

Since 2 and x; are continuous, the set F' defined as follows is nonempty:

F={veV: x,v)=uxi(v)+e}

Let € = max{x;, (v) — 2}, (v) : v € F°} and €, €1 be such that € < ey < e; <e¢, and €; > 0. By

the continuity of solutions, there exists ty with 0 < ¢y < ¢; such that
zs(v) — 25 (v) > € forv € F, s € [to, t1) (6.1)

z5(v) — 2l (v) < € for v € F, s € [tg,t1). (6.2)

Note that Y-, cp 24, (v) — 21, (v) < |Fle = X e p 4, (v) — 2, (v) so that
Y (@ (v) = 245 (v) > D (g, (v) — i, (v) -
veF vEF
This, together with (5.5) and (6.1), implies the existence of a u € U such that
t1 t1
/ Z Ay (s)ds > / Z Uy, () ds. (6.3)
to vEN (u)NF to vEN (u)NF
By Remark 6.1, for almost all s € [tg,t;) such that the integrand of the left-hand side of (6.3) is
positive,

i < i . .
et ) = el 7o) (04

In view of (6.1) and (6.2), this implies that

oM T ) < i s ), (65)

Thus, for almost all such s, the integrand of the right-hand side of (6.3) equals A\(u), which is
an upper bound to the integrand of the left-hand side. This contradicts (6.3) and hence also the

existence of ¢; for any € > 0. O

14



Lemma 6.2 ( Uniqueness of Load Trajectory ) If (z,A) and (2', A") are two solutions to the
fluid equations (5.5)-(5.7) with xo = xf,, then x; = x} for all t > 0.

Proof. Use Lemma 6.1 twice with z( < z and z{, > x. O

Remark 6.2 Note that the fluid equations and the initial state xo do not necessarily determine
A uniquely. For a simple illustration, suppose that V- =U = {0,1}, N(u) =V for u € {0,1}, and
A= (1,1). Let Ay,(t) = t/2, and A, ,(t) = I{u = v}t. Both (x,A) and (x,A) satisfy the fluid

equations with xo(v) =0 and z,(v) =1 —e ! for all v.

The uniqueness result of Lemma 6.2 removes the need to pass to a subsequence for the conver-

gence of X7 in Lemma 5.3.

Corollary 6.1 If X| = zg, then X7 = z, where for some process A, (z,A) is a solution of

the fluid equations (5.5)-(5.7) with the initial condition xy.

Let a be an assignment that solves the static problem SLB(\, ®) with the corresponding load
q. Tt is easy to verify that (g(1 —e™!),at) is a solution to the fluid equations with zero initial state
and that this solution converges to ¢ exponentially fast as ¢ — oo. The next two lemmas show that

starting from any initial state x; converges to ¢ exponentially fast.

Lemma 6.3 Let (U,V,N) be an arbitrary load sharing network. For any (x,A) that satisfies
(5.5) and (5.6),

th(v) = Zxo(v)eft + Z Mu) (1 —e™).

In particular, limy_,o0 3, 7¢(v) = 3o, Mu) uniformly for all xq in bounded subsets of RY .

Proof. Equations (5.5) and (5.6) yield the integral equation

) = X)X A — [ P (s,

which yields the desired result. g

15



Lemma 6.4 ( Insensitivity to Initial State ) Let (x, A) be a solution to the fluid equations with

zg > 0. Then
|z — qusup < et <||Q||sup v Zxo(v)> )
v

where || - ||sup denotes the supremum norm. In particular, imy_, ||2; — ql|sup = 0 uniformly for all

xg in bounded subsets of RK.

Proof. Let v € V be arbitrary. By Lemma 6.1, 7;(v) > ¢(v)(1 —e™t); thus 0 < z4(v) — q(v)(1 —

e ) < S (V) —q(v)(1 —e?)). By Lemma 6.3, 3/ (2:(v)) — q(v')(1 —e™)) =3, wo(v)e ™

therefore,
—q(v)e™ < m(v) — q(v) < (—q(v) + D wo(v"))e™

This establishes the lemma. O

7 Asymptotic Optimality of Least Load Routing

This section establishes the asymptotic optimality of LLR for the optimal control problem for-
mulated in Section 3. In Section 6 it was shown that the finite dimensional distributions of the
normalized load process converge as v — co, and the limit process converges to an optimal point ¢
as t — 0o. Lemma 7.2 establishes the convergence of the equilibrium distribution of the normalized
load process to the deterministic distribution concentrated at q. These facts are used to prove

Theorem 7.1 on the asymptotic optimality of LLR.

In what follows, P, denotes the distribution of the process X7 when X{ has distribution x. Also,
po is the deterministic distribution concentrated at the zero state, and u; denotes the distribution

of X given X] = 0. We start with an auxiliary lemma.

Lemma 7.1 Given € > 0, there exists a . such that whenever v > 7,

Py, (ZX;Y(U) Se—i—ZA(u)) >1—€ foranyt>D0.

16



Proof. Starting from the zero state, the total load in the system at any time ¢ > 0 is stochasti-
cally dominated by a Poisson random variable with mean v ", A(u). Chebychev’s inequality yields

the desired result. O

Lemma 7.2 ( Convergence of Equilibrium Distributions ) Let q be the unique load vector cor-
responding to solutions of SLB(X, ®) and v be the distribution of the equilibrium load X2 . Then
for all e > 0,

lim v ([| X2, — qllsup > €) = 0.

Y— 00

Proof. Let € > 0 be fixed. Note that v(|| X2 — ¢||sup > €) < Uminfr_,o0 Py (| X] — qllsup > €)
so that it suffices to show that

PHO(HX% - qusup > 6) <e

for all sufficiently large T" and y. Towards this end, appeal to Lemma 6.4 to fix 6 so that ||z;—g||sup <
€/2 whenever ¢ > 6 and >, xo(v) < € + >, A(u). By the time homogeneous Markov property of
X7,

Py, (HX% —qllsup > €) = Pu}79 (||X¢97 = qllsup > E)

whenever T > 6. Therefore, to prove the lemma, it suffices to establish the following claim: There

exists a v, such that whenever v > ~,

Pﬂ%_g (HXg - qusup > 6) <e forallT > 6. (71)

To argue by contradiction, suppose that the claim is false. Then one can construct a sequence

(i) with &€ — oo, such that ji¢ = ,uf(g) for some choice of ¢(£) > 0, and
Pﬁ5 (||X§ - qnsup > 5) > €. (72)

By Lemma, 7.1, (i) is tight; therefore, by Lemma 5.3, there exists a subsequence &, — oo such
that if Xg" ~ Ppe,, then X &n — g, for some z as in Lemma 5.3. Hence there exists an n, such
that

P (IX5" = wollsup > €/2) < /2 (7.3)
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whenever n > n.. However, by the choice of # and Lemma 7.1, for all &, sufficiently large,

Ben (llzg — qllsup > €/2) < €/2. (7.4)

Observations (7.3) and (7.4) contradict (7.2), hence proving (7.1), which establishes the lemma. O

Theorem 7.1 ( Asymptotic Optimality of LLR ) Given an allocation policy , let J3 denote
the cost under m when the network demand is YA. Then

liminfy~PJ7 > lim yPIHE = T(A) > 0.
yY—>00

Y—>00

Proof. Note that in equilibrium X7, (v) is stochastically dominated by a Poisson random vari-
able with mean v 3", A(u), for all v € V. Consequently, E [(XZ (v))P"!] is bounded independently
of 7. This, along with the observation that ®(X7,) < max{®(u) : ||ullsup < 1}[|XLIE,,, implies

that (®(X2) : v > 0) is uniformly integrable. Thus, by Lemma 7.2,

lim v PJHR = lim E[®(X])]

Y—00 Y— 00

= B(q) = T(\) > 0.

Inequality (3.1) implies that for any allocation policy 7, v PJ5 > W(A) for all v > 0. This proves

the theorem. O

8 Finite Capacities

This section considers a variation of the basic model in which each location has a finite capacity.
Namely, we assume that the load of a location cannot exceed its capacity, and arrivals to the
congested neighborhoods are dropped. In this setting, a natural objective for the allocation policy
is to minimize the percentage of consumers dropped in the system. We concentrate on a broad
class of practical allocation policies, namely the least relative load routing policies, in which new

consumers are assigned to the location with the least relative load. The relative load of a location
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is defined by applying a normalization function to the actual load. Theorem 8.1 establishes that
such policies asymptotically achieve the smallest loss probability for large arrival rates. We then
provide stronger results on two members of this class, namely the least ratio routing (LRR) and

the mazimum residual capacity routing (MRCR) policies.

The use of a binary valued normalization function would model trunk reservation strategies,
studied in a similar context by Hunt and Kurtz (1994). However, we require the normalization
functions to be strictly increasing; thus, trunk reservation strategies are not covered in this paper.
In doing so, we avoid the pathologies associated with trunk reservations in heavy traffic encountered
by Hunt and Kurtz (1994), and can therefore establish optimality results. The drawback of our
approach is that more feedback information about the network state is required to implement the
allocation policies. The work of Hunt and Laws (1995) resolves the problems set in Hunt and Kurtz

(1994) for the case of a single resource location.

To describe the dynamic model of interest, let a capacity vector kK = (k(v) : v € V) be a
vector of positive numbers. Given a load sharing network (U,V, N), a capacity vector k, and a
load vector A, consider the limiting regime of Section 5. Suppose that in each system indexed by
7, each location v has capacity [yx(v)]. A location is called full if its load and capacity are equal,
and a consumer is lost if, upon its arrival, all of the locations in its neighborhood are full. Lost
consumers cannot be assigned later; hence they are treated by the system as if they never arrived.
The problem of interest is to find allocation policies that minimize the loss probability P,(Loss),

which is defined as

P,(Loss) = liminf E[number of consumers lost in [0, ¢]]
t—00 ty >, Au)

We start with some definitions regarding an associated static problem. Given a capacity vector
k, define B ,; as the set of admissible assignment vectors a such that Y-, ay,, < A(u) for all u, and
q(v) < k(v) for all v, where ¢ denotes the load vector determined by assignment a. The static load

packing problem (SLP) is the simple assignment problem defined as

SLP(\ k) : Mawimize(Zq(v) D a € Byy).
v

Towards the end of characterizing certain solutions to SLP, we have the following definition:
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Definition 8.1 A function f : RV xV — R is called a normalization function if for allv € V,

the real valued function f(-,v) has the following three properties:

(i) f(q,v) depends on q only through q(v),

(i1) f(q,v) is a strictly increasing and continuously differentiable function of q(v), such that

df(q,v)/0q(v) > 0 for some § >0,

(1i1) f(q,v) =0 when q(v) = k(v).

The interpretation of f(q,v) for 0 < g(v) < k(v) is that larger values of f(q,v) (i.e. values closer
to zero) represent heavier load. Further, if f(q,v) > f(q,v") then v is considered more heavily
loaded than ¢', under the normalizing function f. Two examples to be considered in more detail
later are f(q,v) = —1 + q(v)/k(v) (corresponds to least ratio loading) and f(q,v) = q(v) — k(v)

(corresponds to maximum residual capacity loading).

Consider the following two conditions on a generic assignment a, where ¢ denotes the load vector

corresponding to a, and my(f(q)) = min,ey () f(q,v):

Condition 8.1 a,, = 0 whenever f(q,v) > my(f(q)).
Condition 8.2 > ay, < A(u) only if f(gq,v) =0 for all v € N(u).

Let the function ® : RV — R be defined as ®(¢q) = Y, foq(v) f(G,v)dG(v). Note that ® is convex,
however, not necessarily symmetric in its arguments. The following three lemmas are proved in
the Appendix. The first lemma concerns a static load balancing problem, the second concerns a
connection between static load balancing and load packing, and the third gives a sufficient condition

for optimality in SLP(\, k).

Lemma 8.1 ( Load Balancing ) There exists a solution to SLB(X,®). An admissible assign-
ment a which satisfies demand X\ solves the SLB(\, ®) if and only if a satisfies Condition 8.1 .

Furthermore, all such assignments yield the same load vector.
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Lemma 8.2 ( Truncation ) Let a solve SLB(\, ®) with the corresponding load vector ¢, and
let a be the assignment defined by

Ay = Gy <1 A %) .

Then a € By, and a satisfies Conditions 8.1 and 8.2 with the corresponding load vector q(v) =

G(v) A s(v).

Lemma 8.3 ( Sufficiency ) An assignment vector a € By, solves SLP(\, k) if there exists a
normalization function f such that both Conditions 8.1 and 8.2 hold. For a given normalization
function, there exists an assignment a € B, that satisfies Conditions 8.1 and 8.2, and all such

assignments yield the same load vector.

To treat the lossy network in the context of the already existing theory, we introduce a new
location vy, and define an extended load sharing network (U,V,N) by U = U, V = V U {vr},
and N(u) = N(u) U {vr}, where x(vg) = co. A load process (X (v) : v € V) corresponding to an
allocation policy 7 can be extended to a load process (X (v) : v € V) on (U, V, N) by letting X;(vz)
denote the number of blocked consumers that would have been in service at time ¢ if they were not
blocked. We continue to use X to denote the extended process, and let X7 (v) = y~!X(v) for all

UEV.

The solution of SLP()\, k) provides a lower bound for the loss probability of any allocation

policy.

Lemma 8.4 Let 7w be an arbitrary allocation policy, and let P;r(Loss) denote the loss probability

under policy w. Then

_ > vev 4(v)
YuAw)

where q is the load vector corresponding to a solution of SLP(\, k).

PJ(Loss) > 1

Proof. Consider the load process X on (U, V, N ), and assume, without loss of generality, that

X starts with the zero initial state. Let

sy = Holding time of the k" arrival to vy,

B(t) = Number of arrivals to vy, in [0,1).
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Note that ((t) is the number of consumers lost by time ¢ in the original system (U, V, N). By the

construction of X,

E[/Ot S X, (v)ds] — E[/Ot S X, (0))ds]

’UGV veV

Il
&=
c\“

Xs(vg)ds]

A
=
N
z.

k=
= E[p®)], (8.1)

where the last step follows by the independence of (s : £ > 1) and §(t). For every s, E[X]] is the
load vector corresponding to an assignment in B) ,; therefore, by the choice of ¢, 3, ¢y E[X] (v)] <
Seer q(v) so that B[fi 3, ey Xs(v)ds] < 7Y ,ev q(v). The total number of consumers in V' is
the number in an M/M/oo queue so that F[[; e X(8)ds] = v32, A(u) J3(1 — e *)ds. These
observations and rearranging inequality (8.1) yield

EBOL S 1 12 S aw) - 3 (o).

by t veV

The result follows by dividing each side by Y, A(u) and letting ¢ — oo. O

Consider the randomized, nonrepacking policy which assigns each type u consumer to location
v with probability a,_,/A(u), where a is a solution to SLP(A, k). It is easy to see that this policy
achieves the lower bound established by Lemma 8.4, asymptotically as v tends to infinity. However
it has the same drawbacks as the randomized policies discussed in Section 3. In this section we
focus on the class least relative load routing (LRLR) of allocation policies, and show that they
also achieve the minimum consumer loss probability for large values of 7. Given a normalization

function f, an LRLR policy is defined by the following assignment rule:

e Upon arrival, a consumer of type u is assigned to a location v € N(u) with the minimum
relative load, f(X7,v), provided that the minimum relative load is less than zero. Otherwise,

all of the locations in N (u) are full, and the consumer is lost.

Consider the extended load process (X (v) : v € V) under an LRLR policy. Intuitively, this

process is lossless, and it is also governed by LRLR with the normalization function extended by
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defining f(q,vr,) = 0~. The process X7 is Markov and has the following representation:

HW=XO M0+ T 4 0~ [ xiws
ueN-—
where
E I (X ) =mu ([(X )] (X 0)<0} :
AT (1) = Jo 3 T mmagCxyy NWds v eV
’ JEI{m,(f(X,)) = 0}A(u)ds if v = vp,

and M7(v) is a local martingale with MJ(v) = 0. Given that (X]) is tight, the methods of
Section 5 can be applied to establish the tightness of (X7, A7) and characterize the limits of weakly

convergent subsequences. Namely, the following lemma holds:

Lemma 8.5 Suppose (X)) is tight. Then every subsequence (X", A™) has a further subse-
quence (X7, A7) such that (X7, AT) = (z, A), where (z,A) satisfies the following fluid
equations:

24 (v) = xo(v) + Z Ay p(t) — /0lt xs(v)ds, (8.2)

ueN~1(v)
Auv(0) =0, A, ,(t) nondecreasing, (8.3)
0 < z(v) < K(v), Z Ayy(t) = Au)t, (8.4)
veN (u)
/Ot I{f(25,0) > mu(f (25)}dAun(s) =0 v # v, (8.5)
/0 Hima(f(2s)) < 0}dAy, (5) = 0. (8.6)

Call t a regular point of a function g : R — R if g is differentiable at ¢, and let §; denote the

derivative of g at a regular point . The following lemma is proved in the Appendix.

Lemma 8.6 Let g be an absolutely continuous function, and let « € R. Then {t : g, = a} C

{t: g =0} UN,, where N, is a set of Lebesque measure zero.

Lemma 8.7 ( Monotonicity ) Let (', A") and (x, A) be two solutions to the fluid equations
(8.2)-(8.6). Then,
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(i) If z(v) > zo(v) for all v € V, then x}(v) > x(v) for allv € V and t > 0.

(it) If in addition xfy(vy) > zo(vr), then xj(vy) > xi(v) for all t > 0.

Proof. For (i), the proof of Lemma 6.1 applies directly by replacing F¢ by F° NV and using

f(zs,v) and f(x},v) in place of z4(v) and z/,(v) in inequalities (6.4) and (6.5), respectively.
To prove (ii), for each ¢ define

Fo={veV:xww) =k}, F ={veV: :zi(v)=r)}, (8.7)

Gi={ucU:NwCF}, G ={uelU:N(u)cF. (8.8)

By part (i), Fy C F{, and Gy C G} for all t. Remark 6.1 applied to (8.2)-(8.6) and Lemma 8.6 with
gt = 2¢(v) and « = k(v) yield that for almost all ¢,

( Z ayp(t)) —k(v) =2(v) =0 forallv e F,
ueGt

(Y dl,,(t) — k() =2}(v) =0 forall v € F}. (8.9)

u,v
u€eG]

Therefore, for almost all ¢,

g(vr) = dy(vr) + Y @(v)

veF;
= D> M) — (D #(v) —a(vr),
u€Gy veF};
ivr) = ah(vr) + Y 2(v)
veF;
< D0 Aw) = () K(v) —ai(vr),
u€G veF}

where the inequality follows by (8.9) and the definitions (8.7) and (8.8). Hence if e, = z}(vr) —

x¢(vr), then é, > —e; for almost all ¢. This, along with the hypothesis eq > 0, proves (ii). O

Corollary 8.1 ( Uniqueness ) If (z,A) and (z', A") are two solutions to the fluid equations
(8.2)-(8.6) with xo = x, then x; = x} for all t > 0.
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We now concentrate on the properties of the unique trajectory x that corresponds to the solutions

of the fluid equations (8.2)-(8.6). The proof of the following lemma can be found in the Appendix.

Lemma 8.8 Let gi(i) be absolutely continuous, i = 1,2,---,I, and set my = min; g;(i). Then
m is absolutely continuous, almost every t is a regular point for g(1),---,g(I),m, and for all such

t, my = gi(i) for all i such that g¢(i) = my.

Note that by the continuous differentiability of f, there exists A such that 35;,‘1(,1’}7;) < A whenever

0 <¢'(v) <k(v) for all v € V. Let ¢q be the optimal load vector corresponding to the assignments

satisfying Conditions 8.1 and 8.2. Extend ¢ to V by setting q(vr) = (3, Mu)) — Y vev q(v). The
next two lemmas establish the convergence of z to the load vector q.
Lemma 8.9 Given e > 0, there exists 7o(€) such that for allv € V,
xi(v) > q(v) —€ (8.10)
whenever t > Ty(€).
Proof. We first establish the inequality (8.10) forv € V. Let {V,Va,---,Vy} and {Uy,Us,---,Us}
be the unique partitions of V' and U, respectively, defined by Lemma 2.2 when condition (2.1) is

replaced by Condition 8.1, and the vector ¢ is replaced by (f(q,v) : v € V) in (2.2) and (2.3). Let
j€{1,2,---,J} and define

mi = inf f(xtav)a
UEU;-IzjVi
F = {U € UVl o fzg,v) :mg},
i=j
. , i1
N*(F}) = {u:N(u)NF #0and N(u)n (| Vi) =0},
=1

with the understanding that J)_, V; = (). Let fj denote the value such that f(q,v) = f; for all

v € V;. Assume that ¢ is a regular point of mJ such that mi < fj — €. Then by the explanations
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indicated in parentheses,

|Fi | = S per? F g, v) ( Lemma 8.8 )
> 03 e T(v) ( Definition 8.1 )
t
> 5(2%]\,*(},,-) AMu) =3, e (V) ( Definition of Ft] and the fluid equations )
> 3(% e - (mi) Mu) = X (a(v) —€6/A))  ( Definition of F)
> |th|e(52/A. ( Definition of N* and ¢q )

Therefore, if t > sup, |f(0,v)|A/ed?, then mi > fj — €, so that f(z¢,v) > f(q,v) —€d for v € Vj,
which in turn implies that z;(v) > g(v) — € for v € Vj. Since j is arbitrary, (8.10) holds for all
t > sup, |f(0,v)|A/e6?, and v € V.

To complete the proof of the lemma, note that by Lemma 6.3, there exists a 7;(e) such that
r(vn) + Ypev, 1e(v) = Yyep, Au) — € for all t > 7;(¢). Therefore, for all such ¢, z4(vy) >
(PCuev, AMu) — e =3 cy, 6(v)+ > q(vr) — €. This proves (8.10) for v = vy, and establishes the
lemma with 7y(€) = (sup, | £(0,v)|A/ed?) V 7 (). O

Lemma 8.10 ( Insensitivity to Initial State ) If (x, A) is a solution to the fluid equations (8.2)-
(8.6), then limy_, o ||z — qllsup = O uniformly for all zy in bounded subsets of RZ.

Proof. Fix [ > 0 and let 3 _p xo(v) < [. Given e > 0, set ¢g = ¢/(|V] + 2). Appealing
to Lemma 6.3, let 71(l,ep) be such that for all t > 71(l,€), |2, cp 2e(v) — 2, Au)| < €, or
equivalently |3 ¢ (2:(v) — q(v))| < €. If £ > To(€0) V T1(l, €0), then Lemma 8.9 implies that

inf (z¢(v) — q(v)) = —€0 = —e.
veV

This in turn implies that

sup(a¢(v) —q(v)) < D (2(v) = q(v) +€o)
veV eV
= Y (z(v) = q()) + (V] + Deo
vev
< ([VI+2)eo =,
which yields the desired result. O
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Lemma 8.11 ( Convergence of Equilibrium Distributions ) Let q be the unique load vector
corresponding to assignments satisfying Conditions 8.1 and 8.2, and v be the distribution of the

equilibrium load X1 . Then for all € > 0,

vlg{)lo’/ (1X% — gllsup > €) = 0.

Proof. The proof of Lemma 7.2 applies directly by using Lemmas 8.5 and 8.10 in place of

Lemmas 5.3 and 6.4, respectively. O

Theorem 8.1 ( Asymptotic Optimality of LRLR ) Let PJ(Loss) denote the loss probability of
an arbitrary allocation policy m and P,f’RLR(LOSS) denote the loss probability of the LRLR policy

for some normalization function f. Then

lim inf P7(Loss) > lim PLRLR(Loss) =1— Loev 1)
Y—00 Y—00 Eu /\(u)

where q is the load vector corresponding to a solution of SLP(\, k).

Proof. The collection (X2, : v > 0) is dominated by normalized Poisson random variables and

is uniformly integrable. Therefore,

E[number of consumers lost in [0, ¢]]

. LRLR - i imi
lim PP (Loss) = lim lim inf 1y 0 M) ’

1 .
= m}g{}o EX (v,
q(vr)
> Mu)’
> vev 4(v)
XuA(u)

where the second step follows by Little’s Theorem, and the third step is a consequence of Lemma 8.11

- 1-

and the uniform integrability of (X2 :y > 0). The theorem now follows by Lemma 8.4. O

Having proven the optimality properties of generic LRLR policies, we now focus on two particular
elements of this class, namely the least ratio routing and the maximum residual capacity routing
policies. In the next two sections, we obtain a stronger version of Lemma 8.10 for these policies

and provide explicit solutions of the fluid equations (8.2)-(8.6) for certain initial conditions.
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8.1 Least ratio routing

In this section we focus on a particular least relative load routing policy, namely the least ratio
routing (LRR). The LRR policy is defined as the LRLR policy associated with the normalization
function f(g,v) = —1 + ¢q(v)/k(v). Note that LRR assigns each consumer to the location with the
least load-to-capacity ratio, X; (v)/k(v).

Let @ and ¢ be defined as in Lemma 8.2. Define the trajectories a and z as follows:

G, veV t<In(q(v)/(q(v) —kK(v))+),
up(t) =4 Guph(v)/G(v) veV t>In(qv)/(q(v) —kK(v))4),

Zuev(au,v - au,v(t)) U =1L,

qv)(1 —e b)) A k(v) veV,

zi(v) =
(1 - e_t) Eu A(u) - ZUEV Zt(v) U =UvL.

It is straightforward to verify that (z, [; a(s)ds) solves the fluid equations (8.2)-(8.6) with the zero

initial state.

Lemma 8.12 ( Convergence Rate of LRR ) Let q be the unique load vector corresponding to
assignments satisfying Conditions 8.1 and 8.2. If (x, A) is a solution to the fluid equations (8.2)-
(8.6), then

sup [(v) — q(v)| < e’ <§lelgq(v) > mo(@)) :

veEV

Proof. By Lemma 8.7, for all v € V', x4(v) > z(v). Also,

zt(v) — 2z (v) < Z(wt(v) —z(v)) =e* Z zo(v).

veV veV

These inequalities, together with the fact that

qv)(1 —e") < z(v) < q(v)

for all v € V, yield the desired result. o
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8.2 Maximum residual capacity routing

The maximum residual capacity routing (MRCR) is defined as the LRLR policy associated with the
normalization function f(q,v) = g(v) — k(v). Note that the MRCR policy assigns each consumer

to the location with the maximum residual capacity defined as yk(v) — Xy (v).

Let a be an optimal assignment satisfying Conditions 8.1 and 8.2, and let ¢ be the load vector
determined by a. Extend a to (U, v, N) by setting ay,, = A(u) — Y ,cy Gup- Let zy denote the
vector such that zo(v) = xk(v) for v € V, and 0 < zp(vr,) < oo. Direct verification yields that (z, A),
defined by

a(v) = z@e " +q)(1-e)

Auv(t) = au,vta

)

is a solution to the fluid equations (8.2)-(8.6) starting with the initial state zg.

Lemma 8.13 ( Convergence Rate of MRCR ) Let q be the unique load vector corresponding
to assignments satisfying Conditions 8.1 and 8.2. If (x,A) is a solution to the fluid equations
(8.2)-(8.6) with an arbitrary initial state xo, then

sup |z4(v) — q(v)| < e <(Q(vL) Vao(vr)) + ) n(v)) :
veEV veV
Proof. Let 2y be an initial state vector defined as zo(v) = k(v) for v € V and z¢(vy) = zo(vy),

and let z denote the load trajectory starting with zp. By Lemma 8.7, for all v € V,
zi(v) < z(v)
= z)e " +qv)(1 —eh.

On the other hand, for any v € v,

() —z(v) < D (2(v) = 24(v))

veV

= e " (20(v) —z0(v))

veV

et Z k(v).

IN
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Therefore,

(20(v) —q(v) = Y K(v))e " <a(v) —q(v) < (20(v) —q(v))e ™,

veV

and the desired result follows. O

9 The Migration Model

In this section we consider locations with infinite capacities and generalize the basic model of
Section 3 by allowing consumers to change their types while they are in the system and also by
including type-dependent departure rates. Towards this end, Lemma 9.1 identifies the weak limits
of the network process as solutions to certain fluid equations. An example shows that the fluid
equations do not necessarily uniquely determine the transient behavior of the load; nevertheless,
by Lemma 9.5, the limit point is unique. These facts are used to establish Theorem 9.1 on the

asymptotic optimality of LLR.

The analytical description of the migration model involves a routing matriz R, such that R =
[Py Juxu, where 70 > 0 for u # ', and Y, ey ruw < 0 for all w € U. Given a load sharing
network (U,V,N), an arrival rate vector A, and a routing matrix R, consider the load balancing
problem of Section 3. Suppose for all u,u’ € U such that v’ # u, each type u consumer transforms
into a type u’ consumer with rate 7w OF departs from the system with rate — 3 /cry 7y . This
implies that —r,, , is the rate that a type u consumer changes by either transforming to another type
or leaving the system. Each arrival is assigned to a location via the LLR policy. In addition, when
a consumer changes its type, it is reassigned using LLR. Its location may or may not change. We
assume that R is nonsingular, so that every consumer eventually departs from the system. Let L;(u)
continue to denote the number of type u consumers in the network at time . It can be verified by
direct substitution that the equilibrium vector (Leo(u) : u € U) is a vector of independent Poisson
random variables with mean vector vp, where p = —AR™!, so that the normalized cost of any
allocation policy is lower bounded by W¥(p). This section extends the analysis of Section 3 to the

more general setting.

Let the contribution of type u to location v at time ¢, denoted by Cy(u,v), be the number of
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type u consumers at location v at time t. Define C} (u,v) = v71C;(u,v), and L] (u) = v~ L;(u).
Note that X, (v) =3, €Y (u,v), and L] (u) =3, C] (u,v). Under LLR, C is Markov on the state

space ZEXV, and C7(u,v) can be represented as
Cf (u,v) = Cf (u,v) + M (u,v) + A] ,( +/ruu (u,v)ds,

where
B . I{X( ) mu(XS)} S
Az, = [ W% 2 ) s e = T

and M7 (u,v) is a local martingale with My (u,v) = 0. Given that (Cj) is tight, the methods of

Section 5 can be applied directly to establish the tightness of (C7, A7) and characterize the limits

of weakly convergent subsequences. Namely, the following lemma, holds:

Lemma 9.1 Suppose (Cy) is tight. Then every subsequence (C7", A™) has a further subse-
quence (C7k, AT ) such that (C7k, A7) = (¢, A), where (c, A) satisfies the following fluid

equations:
t
cr(u,v) = co(u,v) + Ay, (t) —l—/ TuuCs (6, v)ds (9.1)
Ay y(0) =0, Ay,(t) nondecreasing, Z Ayy(t) = Au)t + Z / Is( ru/ uds, (9.2)
vEN (u) u'#£u

t
[ o) > mae) Aua(s) =0, (9.3)

0

where x1(v) = X ,en-1(v) ct(u,v) and [ (u) = X yen ) ct(u,v).

The following example shows, in contrast to Lemma 6.2, that the initial state ¢y and the fluid

equations (9.1)-(9.3) do not necessarily determine a unique load trajectory .

Example. ( Type dependent departure rates, no routing ) Consider the load sharing network
and the routing matrix of Figure 3. Suppose co(3,3) = .9495 x 107, and co(u, v) = 0 otherwise. Let
7 = In10, and consider the two assignment regimes (c, A) and (&, A) for ¢t € [0, 7] as listed in Table 1.
It is straightforward to verify that both (¢, 4) and (¢, A) satisfy (9.1)-(9.3), and z;(v) = #;(v) for
v €V and t € [0,7]. Note that 7 = inf{t : (1) = 24(2) = 24(3)}, and z-(1) = .9495. Under both

regimes, at time 7, the instantaneous rate of decrease of load at location 3 is 7(.9495), whereas the

31



0

U (10 0 |
=l 0-30

00 -7 |

W @ @v

Figure 3: An example to illustrate the nonuniqueness of the solutions to the fluid equations (9.1)-

9.3).

Table 1: Two assignment regimes for the network of Figure 3.

Ai(u,v) ct(u, v)

u\v| 1 2 3 1 2 3

1 t/2 t/2 0] (1—-e%)/2 (1—-e)/2 0

2 | 3t/2 3t/2 0| (L—e3)/2 (1—e3t)/2 0
3 0 0 0 0 0 (.9495 x 107)e~ "

Ay (u,v) ¢ (u,v)
u\ v 1 2 3 1 2 3
1 t 0 0 1—et 0 0
2 [ 1—e™ Bt—l4e 0 (e —e)/2 1—(e7t+e7)/2 0
3 0 0 0 0 0 (:9495 x 107)e "™
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instantaneous rates of decrease of load at locations 1 and 2, respectively, are each upper bounded
by 3(.9495). The difference is larger than the flow rate of type 2 arrivals; therefore, there exists
a 0 > 0 such that (9.1)-(9.3) are not violated only if all type 2 arrivals are directed to location
3 during [7,7 4+ 6]. Under (c, A), type 1 arrivals can split evenly between locations 1 and 2 and
maintain x;(1) = z;(2) for ¢ € [r,7 + 6]. However, under (¢, A), at time 7 location 1 discharges at
an instantaneous rate of .9 + 3(.0495) = 1.0485, and location 2 discharges at an instantaneous rate
of 3(.9495) = 2.8485. The difference between the discharge rates is greater than the flow rate of
type 1 arrivals; therefore, there exists a ' > 0 such that all type 1 arrivals are directed to location
2, and (1) > 74(2) for t € (1,7 + d']. Thus, ¢y together with the fluid equations (9.1)-(9.3) does

not determine x uniquely. O

We now concentrate on the properties of the load trajectories corresponding to the solutions
of the fluid equations. By the definition of the demand vector, the components of p are strictly

positive; however, the extension of the results to nonnegative p is trivial.
Lemma 9.2 Given [y € RE{, limy 00 [|It — pllsup = 0 uniformly for 0 <ly < lo.

Proof. By Equations (9.1)-(9.3), [; satisfies
t
ly = lop + Xt + / Rlsds,
0

which can be solved to yield

I = loe®™ + p(I — &),

where the exponential e of the matrix R can be defined by a power series. Since eff! — 0
exponentially, [; converges to p exponentially fast, uniformly for Iy < lp. This establishes the

lemma. O

The following auxiliary lemma is proved in the Appendix.

Lemma 9.3 Suppose that a; < a; for 1 <i < J, and wyi, = minj<;<j w;. Then

> aiw; <Y amwi+ (D ai — Y @) Wmin-
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Lemma 9.4 Let q denote the unique load vector corresponding to the solutions of SLB(p,®).

Given ly € RE{ and € > 0, there exists t1(ly, €) such that for allv €V,
x4(v) > q(v) — €

whenever t > t1(lg, €), and 0 < 1y < lp.

Proof. Let {Vi,Va,---,V;} and {Uy,Us,---,Us} be the unique partitions of V' and U, respec-
tively, defined by Lemma 2.2 adapted to SLB(p, ®). It is enough to show that

inf  24(v) >q;—€ (9.4)
vEU;.Izj Vi

for all j € {1,2,---,J}, and t > t1(lp,€), where ¢; is the value such that g(v) = g; for all v € V}.
Towards this end, for each j € {1,2,---,J} define

my = inf x(v),
UEUizjVi

J
F = UEUVZ-:mt(U):mi ,
i=j
ct(u,th) = Z ct(u,v),

vEth
. . j=1
N*(F}) = {u:N(u)NF} #0and N(u)n(|J Vi) =0},
i=1
with the understanding that (JY_, V; = 0.

Let 7min, = ming {—7y4} and ez = maxy,{—ry,}. Givene > 0, let €g < €rmin (23, S [Tuw|) !
Appeal to Lemma 9.2 to fix to(lg, o) such that sup,, |l;(u) — p(u)| < € for all > to(lo, €g) whenever
0 < Iy <lp. To prove the lemma by induction on 75, let j = 1, and choose ¢ > ty(lg, €g). Suppose

that ¢ is a regular point of m' and z, and that
mi < q — e (9.5)
Then, by Lemma 8.8 and the fact that N*(F}!) = N~Y(F}),

|[Elliy = Y @)

veF}
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= Z )\(u) + Z lt(u) Z Tuu! — Z Ct(uv Ftl)(_’ru’u)

uEN*(F}) uet w N (F})\{u} uel
= Z Au) + Z Iy (u) Z Ty — Z ci(u, FN)(=ruw).  (9.6)
uEN*(Fy) uel W EN*(F})\{u} uEN*(F})

By the choice of t, ¢;(u, F}') < p(u) + €, so that Lemma 9.3 and (9.5) can be used to bound the
third term on the right-hand side of (9.6) to obtain

[Fllmg > Y M)+ b(w) Y e = Y (p(u) +eo)(—ru)

ueEN*(F}) uelU w EN*(FH\{u} ueEN*(F})
- (|Ft1|(QI —€) — Z (p(u) + €0)> T'min -
uEN*(F})

Note that 35,cn-m1yp(u) = |Ft g1, and [;(u) > p(u) — €. This, together with the identity

p(u)(=Tuu) = Aw) 4+ 3y 2y p(u')7w o and the choice of €, yields that

|Etm; > —e (Z Z Ty + Z (—ru,u)>+e|Ft1|rmm
)

weU w'eN*(F)\{u} ueEN*(F}
1

>
B 2

Thus, for almost all regular points ¢ of m such that ¢ > ty(lo, €p), 71} > €rmin/2 whenever m} < q;—e.

Therefore, (9.4) holds for j = 1 for all t > T (ly,€) = to(lo, €0) + 23, (p(w) + €0) /€T min-

As the induction hypothesis, fix j € {2,3,---,J}, and suppose that given ¢y > 0, for each
i €{1,---,j — 1} there exists a T*(lp, €g) such that

mi > q; — €
whenever ¢ > T%(l, €).

Let €p < min{ermin(4(|U|+|V)rmaz) L, €rmin (43 S [Tuw|) "1}, and choose ¢ > max{to(lo, €o),
T'(lp,€0),--+, T~ (lp,€0)}. Suppose that ¢ is a regular point of m’ and z, and m{ < gj — €. Note
that the methods used in the case j = 1 imply that

|F ] = > dy(v)

vEth

Z A(u) + Z li(u) Z Tu,u!

ueN*(FY) weN*(FI)\{u}

Y
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— Z Ct(’u,th)(—T‘u’u) — Z Ct(“a Ft])(_r’u.,u)

uEN*(F}) ueN*(F})e
> —€ (Z Z Tyu! + Z (_TU,U)> + 6|Flt1|7’7m'n — Tmax Z ci(u, Ft])
U weN*(F})\{u} uwEN*(FY) uEN*(F})e

By (2.5), the choice of , and the induction hypothesis,

> awF) < > (plu)+e)— > (- €o)
ueN*(F)° wel i, Ui el vi

€T min

4rmag

Hence by the choice of €y, |FY |l > ermin|F7|/2. Thus, there exists a T9(ly,€) such that m! >

qj — € for all t > T7(ly,e). This completes the induction step and the proof of the lemma with
tl(l_(),ﬁ) :Tj(l_an)‘ O

Lemma 9.5 ( Global Convergence ) Let x be the load function corresponding to an arbitrary
solution of the fluid equations (9.1)-(9.3), and q be the unique load vector corresponding to the
solutions of SLB(p, ®). Then limy_ o |21 — qllsup = 0 uniformly for all Iy in bounded subsets of

RY.

Proof. Fix Iy € RY, and let Iy < lp. Given € > 0, set ¢ = €/(|V|+ 1), and appealing
to Lemma 9.2, let to(lp,€9) be such that | ¥ ,cp (2:(v) — q(v))] < € for all t > to(lp,€0). If

t > to(ly,€0) V t1(lo, €0), then Lemma 9.4 implies that

inf (24(v) —q(v)) 2 —e0 2 —¢,

which in turn implies

sup(a¢(v) —q(v)) < D (w(v) —q(v) +€0)
vev VeV
= D (w(v) —q)) + [V]eo
veV
< ([V|+1)e =
This proves the desired result. |
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Let P, denote the distribution of the process C7 when C{ has distribution p and gy denote
the deterministic distribution concentrated at the zero state. The proof of the following lemma is

immediate:

Lemma 9.6 Given € > 0, there exists a . such that whenever v > 7,

Py, (ZX?(U) §e+2p(u)> >1—¢€ foranyt>0.

Lemma 9.7 ( Convergence of Equilibrium Distributions ) Let q be the unique load vector cor-
responding to solutions of SLB(p,®) and v be the distribution of the equilibrium load XY, . Then
for all e >0

lim v (| X%, = gllsup > €) = 0.

Y—00

Proof. The proof of Lemma 7.2 applies directly by redefining ;1] as the distribution of C} and
by using Lemmas 9.1, 9.5, and 9.6 in place of Lemmas 5.3, 6.4, and 7.1, respectively. O

Theorem 9.1 ( Asymptotic Optimality of LLR ) Given an allocation policy m, let J3 denote

the cost under m when the network demand is y\. Then

liminfy™”J7 > lim yPIHR =T (p) > 0.
Y o0

Y—00

Proof. The proof of Lemma 7.1 applies directly by using Lemma 9.7 in place of Lemma 7.2

and p in place of A. O
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Figure 4: The counter examples for the optimality of (a) sticky LLR, (b) LRLR under finite

capacities and migration.

10 Conclusions and Discussion

This paper concentrates on the dynamic load balancing problem and studies the performance of
practical allocation policies, namely LLR and the class LRLR. When there are no capacity con-
straints on the resources, LLR is shown to achieve asymptotically the most balanced load in the
sense of minimizing a wide class of long-term average costs. LLR is also robust to migration, pro-
vided that consumers are reassigned according to LLR whenever their types change. On the other
hand, when the resources have finite capacities, LRLR policies asymptotically achieve the minimum
possible loss probability. The desirable aspects of the considered policies are low computational

complexity, decentralized implementation, and robustness to arrival and migration rates.

The reassignment of migrating consumers is important for the asymptotic optimality of LLR
in the migration model. The network of Figure 4(a) is an example in which LLR is not optimal

without reassignments. Let A = (0,1) and the routing matrix be

R=



Hence all consumers arrive as type 2 and migrate to become type 1 before leaving the system.
Suppose that consumers are assigned using LLR upon arrival; however, they maintain their original
locations even though they migrate. Then at any time ¢, all of the load in the network is at location
2; hence the limiting normalized cost of this policy is 4. A simple calculation yields that the LLR
policy splits the load equally between the two locations, thus having a limiting normalized cost of

2.

Optimality properties of the policies discussed in this paper do not necessarily persist in the
case of finite capacities and migration. In particular, myopic policies, which accept a consumer
whenever possible, may not be asymptotically optimal. As an example to illustrate this, consider

the network of Figure 4(b) in heavy traffic. Let A = (1,1,3), K = (1, 1), and the routing matrix be

Hence type 2 arrivals first visit location 1 and then location 2 before exiting the system. Without
loss of generality, assume that location 2 gives higher priority to exogenous arrivals, in the sense
that an exogenous arrival blocks a migrated consumer that is already in location 2, provided that
location 2 is full at the time of arrival. Since exogenous arrivals suffice to overload location 2, all
type 2 arrivals are bound to be lost. Any myopic policy blocks half of type 1 arrivals and has a
limiting consumer loss probability of 0.7. On the other hand, a policy that blocks type 2 arrivals
regardless of the system state has a limiting consumer loss probability of 0.6. We therefore conclude

that the optimal policies have considerably more complex structures under the more general case.

11 Appendix

This section contains the deferred proofs from previous sections. We start with the proof of

Lemma 2.1 by first giving an auxiliary result.

Lemma 11.1 Let ® : R* — R be strictly convex and differentiable, and ®, denote the v** partial
derivative of ®. If ® is symmetric in its arguments (i.e., ®(z(1),-- -, z(d)) = ®(x(p(1)),- -, 2(p(d)))
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for any permutation p ), then for all v,v'

2(v) > 2(v) = By(x) > Oy ().

Proof. Since the conclusion involves only two arguments, we can assume without loss of gen-
erality that d = 2. For (a,b) € R?, define g,5(a) = ®(a(a,b) + (1 — a)(b,a)). Then, §op(e) =
(@1 — P2)(a — b), where the partial derivatives ®; and ®, are evaluated at a(a,b) + (1 — «)(b, a).
Note that by the strict convexity of ®, g, is strictly convex for a # b. Also by the symmetry of ®,
g'a,b(a)|a:% = 0; therefore, for a # b, §op(a)|a=1 > 0. This implies (®1(a,b) — P2(a,b))(a — b) > 0,

which proves the claim. O

Proof of Lemma 2.1. The problem SLB(), ®) is a convex optimization problem on a compact

and convex set; thus, there exists a solution.

To establish the second statement of the lemma, we argue by contradiction in each direction. In
what follows, 1(a) denotes the value ®(q) induced by the assignment a. First, let a satisfy (2.1),
and suppose that a is not a solution to SLB(A, ®). Then there exists an admissible perturbation

vector h such that

> hup=0 forallueU (11.1)
vEN (u)
hyy > 0 whenever a,, =0, hy, =0 whenever v € N(u)® (11.2)
. Y(a+eh) —¢(a)
| = d . 11.
6{% c zu:ve%:(u) hu,v U(Q) <0 ( 3)

By (11.2) we have that for all w and v € N(u)

h'u,"u < 0 = au,v > 0
= q(v) < q(v') forallv' € N(u)

= P,(q) < Py(g) forallv' € N(u) (11.4)
by using Lemma 11.1 in the last step. Now for v € U define

®,, (¢) = max(Py(q) : hyp < 0) , hy = Ev:hu,v<0 Powvs

P} (q) = min(Py(q) : hup >0) , hyi = Zv:hu,v>0 -
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Then by (11.1) b = —h;,, and by (11.4) ®,f (¢) > ®; (¢), and therefore for all u € U,
Yo D hup®ule) > D hE(R7(q) — @5 (g) >0,
U veN(u) u

which contradicts (11.3).

To show that the converse also holds, suppose that a does not satisfy the condition (2.1). In

particular, let u be such that for some v,v" € N(u),
auy >0 and g(v) > q(v').

Then by Lemma 11.1, ®,(q) — P, (¢) > 0; thus, there exists a § small enough such that it is possible
to decrease a,, and increase a,,,» by an amount ¢ without violating the constraints of SLB(A, ®)

and obtain a smaller value for ®. Therefore, ¢ cannot be a solution.

Finally, by the strict convexity of ®, there is a unique load vector corresponding to the solutions

of SLB(\, ®). O

Proof of Lemma 2.2. It is straightforward to form the partition {V1,Va,---,V;} that satisfies
(2.2) and (2.3). This partition is unique since ¢ is the same for all assignments a satisfying (2.1).
Let a be an arbitrary assignment satisfying (2.1), and define the set of subsets {Uy,Us,---,Us} of
U as

Ui={u e U :a(u,v) > 0 for some v in V;}.
By (2.1), (2.4) and (2.5) hold; therefore, {U;,Us,---,Uys} is a partition of U.

It remains to show that any assignment satisfying (2.1) yields the same {Uy,Us,---,Us}. Sup-
pose a is another such assignment which yields {Ul, Us,---,U 7}. To prove the claim by contradic-
tion, assume that there exists a u € U such that u € U; N U;, where i < j. Since u € Uj, by (2.5)

N(u) N'V; = ¢. Therefore, a(u,v) = 0 for all v € V;. This contradicts the assumption that u € U

and establishes the uniqueness of {Uy,Us,---,Ujs}. O

Proof of Lemma 2.3. Fori = 1,2, let \; € RY, and q; solve SLB();, ®) with the corresponding

load vector g;. Then for any « € [0, 1],
al(A) + (1 —a)¥(A2) = a®(q)+ (1 - )P(qe)
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> ®(aq + (1 —a)g)

> V(aA + (1 —a)dg).

The second step follows by the convexity of ®. The third step follows by the definition of ¥ and
the fact that ca; + (1 — @)ay is an admissible assignment that satisfies aA; + (1 — @) A2 with the

load vector aqy + (1 — a)qo. O

Proof of Lemma 8.1. The proof of Lemma 2.1 applies by replacing ¢(v) with f(q,v) and by
noting that (11.4) follows by the definition of ®. O

Proof of Lemma 8.2. It is straightforward to see that a € B) , and that ¢ is the load vector
corresponding to a. To show that a satisfies Condition 8.1, suppose that f(q,v) > my(f(q)) for
some u,v with v € N(u). Then by Lemma 8.1 there exists a v € N(u) such that f(g,v") < 0.
Since q(v') = ¢(v') for all v’ with f(q,v") <0, my(f(q)) = myu(f(§)), and therefore,

F(@,0) = flg,v) > mu(f(q)) = mu(f(7))- (11.5)

Since @, satisfies Condition 8.1, (11.5) implies that a,, = 0; thus, a, 4, = 0, and Condition 8.1 is

satisfied.

To show that Condition 8.2 is satisfied, note that if }°, a,, < A(u), then there exists a v € N(u)
such that d,,, > 0 and ¢(v) > x(v). This implies that f(g,v") > 0 for all v' € N(u) and hence that
f(g,v") =0 for all v" € N(u), establishing Condition 8.2. O

Proof of Lemma 8.3. Let f be a normalization function and a be an assignment satisfying
Conditions 8.1 and 8.2 with f and the corresponding load vector gq. To prove the optimality of a,
argue by contradiction. If a is not a solution to SLP(\, k), then there exists a perturbation vector

h such that

huw = 0 v€E N,

>
£
<
V
o
-
=R
S
£
<
Il
o

(11.6)

>
IS
<
IN
=
=
|
=
=

(11.7)



> hup < Aw) = auw, (11.8)
> huy > 0. (11.9)

We use induction to arrive at the desired contradiction. Let
Uy = {u: Zh“:" > 0},
v
Uipi = UjU{ugUj:hyy <0 for some v e N(Uj)}, j>0.

By inequality (11.9), Up is nonempty. Inequality (11.8), Condition 8.2, and the Definition 8.1 of

the normalization function imply that

q(v) = k(v) for all v € N(Up). (11.10)
By (11.7), 3 yen(uy) 2ou hup < 0, and by the definition of Up, >o,crry Zven (1) fruw > 0; therefore,
Uy # Up. If u € Uy \ Uy, then inequality (11.6) implies that a,, > 0 for some v € N(Up). By
Condition 8.1, f(q,v) =0 for all v € N(u). This, along with (11.10), implies that

q(v) = k(v) for all v € N(Uy).
As the induction hypothesis, assume that g(v) = k(v) for all v € N(Ug). By the definition of
(Uj 17 20), Xucvyy, 2ven(y) hup > 0; therefore, the argument of the base case yields that

Ukt1 #Ur and  ¢q(v) = k(v) for all v € N(Ug41).

This contradicts the finiteness of the network, and hence the existence of h, proving the optimality

of a.

Lemma 8.2 establishes the existence of an assignment a € B, , that satisfies Conditions 8.1
and 8.2. To prove the uniqueness of the load vector by contradiction, let ¢ and a be two such

assignments with the corresponding load vectors g and ¢ such that ¢ # ¢. Let

F={v:q(v)>q(v)}.
If v € F, then for any u,
auy >0 = f(g,v) < f(g,v") forallv' € FCN N(u)
= f(q,v) < f(G,v") forallv' € F*N N(u)

= Z au,v = )\(u),

veEF
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where the second step follows by the strict monotonicity of f, and the third step follows by Con-
dition 8.1. However, this implies that ), cp(Gyn — Gyup) > 0 for any u € U, which contradicts the

definition of F' and proves the desired result. O

Proof of Lemma 8.6. The set N, can be taken to be the union of {¢: ¢; does not exist} and
{t : g, exists, g # 0,g: = a}. The first of these sets has Lebesgue measure zero (Royden (1988),
Corollary 5.12). All the points in the second set are isolated, hence it is finite or countably infinite,

and therefore it also has measure zero. Thus N, has measure zero. O

Proof of Lemma 8.8. Since ¢,(i) ¢ =1,2,---,1 are absolutely continuous, so is m. Therefore,

g(1),---,9(I),m are almost everywhere differentiable. Let ¢ be a regular point of g(1),---,g(I),m

and {i1,---,i,} be such that ¢;(i1) = --- = g4(ir) = my. Note that
max §;(ix) = max lim 9:(ix) = g1—c(ii)
1<k<r 1<k<r e\0 €
< liminf max 91(i) = g1—c(i)
N0 1<k<r €
< liminf M = M-
e\ €
- mt.
Similarly,
.. . Mit4e — TN .
min i) > limsup —— =m
1§k§rgt( 7") = e\Op B ts
and the proof of the lemma is complete. O

Proof of Lemma 9.3.

Z a;w; = Z a;w; + Z(ai — a;)w;
< Z a;w; + Z(az - az’)wmina
i 7

since a; < a; for all 7. O
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