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On the Capture Probability for
a Large Number of Stations
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Abstract—The probability of capture under a model based on
the ratio of the largest received power to the sum of interference
powers is examined in the limit of a large number of transmitting
stations. It is shown in great generality that the limit depends
only on the capture ratio threshold and the roll-off exponent
of the distribution of power received from a typical station.
This exponent is insensitive to many typical channel effects such
as Rician or Rayleigh fading and log-normal shadowing. The
model is suitable for large systems with noncoherently combined
interference.
Index Terms— Direct-sequence spread-spectrum, log-normal
shadowing, near–far effect.

I. INTRODUCTION

C

ONSIDER THE following power capture model. If
transmitters are present, the transmission of a given
station is captured if
(1)

is the received power
where is the power ratio threshold,
at the base station due to transmitter , and is a nonnegative
random variable that represents the effect of additive noise,
such as receiver noise or interference from transmitters in other
systems. In a land mobile radio system, the received power
from a remote station at radius can be reasonably modeled as
(2)
where
is Rician or Rayleigh distributed,
is Gaussian
distributed, with zero mean and standard deviation
(so that
, and
is the
transmitted power. The term accounts for diffuse multipath
fading with or without a specular component (i.e., Rician
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or Rayleigh fading), the log-normal term
models the
reflects the power
effects of shadowing, and the term
attenuation with distance. Although the above propagation
model is based on observations in the land mobile environment, fading and shadowing have also been observed in the
indoor environment [1]. Depending on the characteristics of
the environment, has been observed to be in the range from
two for free-space to nearly six for cluttered paths [1]. The
propagation model described by (2) is multiplicative in that
the received power is obtained by multiplying the transmitted
power by some random variables. Several other propagation
models, such as those involving the Nakagami distribution [2,
p. 40], are also multiplicative. The asymptotic analysis given in
this paper applies to a wide range of multiplicative propagation
models, not just the model specifically detailed in (2).
The parameter
is the minimum carrier-to-interference
ratio (CIR) needed for successful reception, and is determined
by such factors as the type of modulation and the receiver
sensitivity. For typical narrowband systems, is in the range
. For a direct-sequence spread-spectrum (DS/SS)
system, the processing gain effectively reduces the effect of
interference from other transmitters, so the value of
is
roughly inversely proportional to the processing gain. For such
systems, in the range
is typical. It is assumed
. If
, then it is possible that more
here only that
than one signal is captured. In general, at most
transmissions can be captured.
If a snapshot of a system is to be modeled, the distance
of a typical station from the base is assumed to be random
with some distribution function
. This makes the term
random. The term models the near–far effect, and its
probability distribution is determined by the spatial distribution
of stations and the relationship between power attenuation
and distance. We invoke the simplifying assumption that the
fading, shadowing, and locations of distinct stations, and
thus the received power for distinct stations, are mutually
independent. Recall that
denotes the (random) received
power from a remote station, and let
denote the complementary distribution function of
. If there
so that
(which by definition
is a constant
) as
, then is called the
means that
roll-off parameter of the distribution of power received from
a typical station. It is discussed further in the next section.
The purpose of this paper is to make two points.
1) Under broad conditions, the roll-off parameter of the
distribution of power received from a typical station is

0090–6778/97$10.00  1997 IEEE

HAJEK et al.: CAPTURE PROBABILITY FOR A LARGE NUMBER OF STATIONS

determined by
and
through the near–far effect.
The parameter is insensitive to other effects such as
Rayleigh or Rician fading and log-normal shadowing.
2) In the limit of a large number of transmitters, the
probability of capture is determined by and the roll-off
parameter .
These two points are addressed in Sections II and III, respectively. A numerical example is given in Section IV and final
remarks are presented in Section V.
A comment on the basic model of the paper is in order
here. The basic result is a limit theorem, in which the number
of stations tends to infinity. In engineering practice, limit
theorems justify, or at least suggest, approximations. In the
case at hand, the results of this paper suggest an approximate
capture probability for a base station surrounded by a large
number of stations. In practice, one could think of a fixed cell,
and then let the number of stations within the cell become very
large. Typically, transmissions from only the stations closest to
the base station are captured. Reasonably speaking, one would
not expect stations to get arbitrarily close to the base station,
which is implied by letting the number of stations become
large. However, we have found that the limiting probability
of capture is approached closely even with a small number of
transmitting stations (see Fig. 1).
There is another scenario with a large number of stations.
Another, interesting and realistic limit scenario is now considered. Suppose that there is a base station, which we designate
base station zero, serving stations within a cell of approximate
. Suppose further that the cell is one of many
fixed radius
cells in a much larger region, with radius . One can increase
, with
the number of transmitting stations by increasing
the density of transmitters per unit area fixed. Note that the
transmitting stations far from base station zero are not even
attempting to be captured by base station zero, since they are
closer to other base stations. Nevertheless, they contribute to
the interference at base station zero. The results of this paper
nearly apply to this scenario, the exception being the proper
treatment of the additive noise in this case.
In previous work, it has been shown for specific examples
that the limit of the probability of capture is insensitive
to Rayleigh fading, shadowing, and the characteristics of
the spatial distribution of stations outside a neighborhood
of the base station [3], [4]. The past results on computing
the limit of the probability of capture all use one or both
of the following two assumptions: 1) Rayleigh fading is
in (2) to
present, which allows the random variable
have an exponential distribution and hence allows for an
analytical treatment [3]–[5], or 2) the spatial distribution of the
stations follows the quasi-uniform distribution [4], [5] given
, where
by the density function
is the distance from the base to the station. This quasiuniform distribution permits one to analytically compute the
distribution of the summed power of a number of stations.
However, the sensitivity of these past results to the exact
assumptions used is unclear and it is desirable to know if
the results would still hold if the assumptions were violated.
The results presented in this paper show the insensitivity of
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the limit of the probability of capture and encompass all of
the above-mentioned previous observations as special cases.
II. DOMINANCE OF THE NEAR–FAR EFFECT
ON PROBABILITY ROLL-OFF
To introduce ideas, we begin our discussion with a simple
case. Suppose the only factor governing the received power
differentials is the near–far effect, so that
,
where
and
are constant and the same for all transmitters. Furthermore, suppose that the stations are uniformly
distributed within the unit disk, so the probability a station is
within distance of the base is
for
.
Then
(3)
Thus,
for some constant
. More generally, if the distribution function of distance from the base
station satisfies
as
, then
as
. In this case, the
distribution of the power received from a typical station has
roll-off exponent
.
If the spatial distribution is “punctured,” meaning there is
a positive lower bound on how close stations can be to the
base, then
for sufficiently large, which formally
corresponds to
.
For the example above, the tail probability
falls
off as a negative power of
as
. In contrast, the
tail probability falls off much more quickly for the random
variables
, and other variables commonly used to model
channel propagation characteristics. According to the following proposition, these other variables do not affect the negative
exponent of describing the falloff of the tail distribution. The
proof of the proposition is given in Appendix A.
, where
and
denote
Proposition 2.1: Let
independent, nonnegative random variables. Suppose for some
and
, that
as
, and
. Then
as
, for some constant
.
For example, suppose that represents the received power
from a typical station if, as above, only the near–far effect is
taken into account. Then
. The random variable
can be taken to be a Rayleigh, Rician, log-normal, Suzuki, or
Nakagami distributed random variable [2], for example, since
the tails of all these distributions fall off at least exponentially
fast, easily insuring that the condition on
required in the
proposition is satisfied.
For these cases,
. Repeated application of the proposition implies that
, where
are independent random variables,
and each is one of the types listed above. That is,
has the same roll-off exponent as
alone.
III. INSENSITIVITY OF CAPTURE PROBABILITY
FOR A LARGE NUMBER OF STATIONS
The proposition below makes the point that in the limit of
a large number of stations, the capture probability tends to a

256

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 45, NO. 2, FEBRUARY 1997

limit determined by and the roll-off exponent of the tail
of the distribution of received power from a typical station.
Suppose the received powers for stations are independent
and identically distributed with common distribution function
, and that the additive noise term
is independent of the
received powers and has a distribution that does not depend
on . Let
denote the probability that at least
transmissions are captured, and let
denote the
expected number of transmissions that are captured. Note that
for
, and that
(since if
is a nonnegative integervalued random variable, then
). If
, then at most one transmission can be captured, and
and
are both equal to the probability
that capture occurs.
The asymptotic result is described using the following
artificial infinite system. Imagine that the base station is located
at the origin of the real line, and there are remote stations
located at the points
of a Poisson point process of
unit intensity on the positive half line. Thus, there is a sequence
of independent, exponentially distributed random variables
with mean one, and
is the sum of the first variables of the
sequence. Imagine also that a station at coordinate generates
received power
at the base station. Equivalently, the
received power from a station is at least if and only if the
station is in the interval
. Given that a station lies
in
for some large constant , its location is uniformly
distributed over
by the nature of Poisson processes. For
such a station, the conditional distribution of received power
has complementary distribution function
for sufficiently large , and this distribution has roll-off
parameter . Thus, intuitively, the artificial infinite system is
closely related to large finite systems with the same . Let
denote the probability that at least transmissions
are captured, and let
denote the expected number of
transmissions captured, for the infinite system.
. If for some
Proposition 3.1: Suppose
for some nonzero finite constant , then
for

(4)
(5)

Furthermore,
if
if
Here
Appendixes B and C.

(6)

. Proposition 3.1 is proved in

Fig. 1. Capture probabilities for z = 6 dB,
KRician = 6 dB.

= 4; ss = 6 dB, and

[3] and [4], respectively,
, and the large limit of the
. This
capture probability given by (5) becomes
result is consistent with the result of [3] for a case including the
near–far effect, Rayleigh fading, and log-normal shadowing.
Furthermore, for the more specific case of
, (5) becomes
simply
, which is consistent with the result of [2, p. 256]
for a case with the near-far effect and Rayleigh fading and
with the result of [4] for the near–far effect only case.
We consider a numerical example for a uniform spatial
distribution of remote stations, a power ratio threshold of
6 dB (or 3.98), and a roll-off exponent
of four. These
parameters yield a capture probability limit of
as determined by (5), where
for this case.
In Fig. 1, we show the capture probabilities for cases in
which the near–far effect alone is present and for cases
that also include Rician fading with a line-of-sight (LOS)
to multipath signal-power ratio
dB (see [1] or
[2]) and Rayleigh fading. The case of combined Rayleigh
and log-normal shadowing is also shown (i.e., the Suzuki
distribution, see [2]). For this shadowing case, we note that
in (2) the standard deviation of
expressed in decibels
(i.e., the standard deviation of
) is denoted by
and is related to
by
. We have chosen
a shadowing parameter
of 6 dB in Fig. 1. All of these
fading and shadowing cases have the same capture probability
limit as the case that has the near–far effect only. Both of
the Rayleigh fading cases were computed using numerical
integration (see [3] and [6]). The remaining two cases were
generated using very long simulations in which the resulting
confidence intervals were too small to show.
V. FINAL COMMENTS

IV. IMPLICATIONS

AND

NUMERICAL RESULTS

Together, Propositions 2.1 and 3.1 imply that for a large
class of spatial distributions, Rayleigh and Rician fading and
log-normal shadowing do not affect the large limit of the
capture probability. For example, this class includes all spatial
distributions
for which
as
.
For the uniform and quasi-uniform cases that are treated in

Caution should be used not to place too much importance
on the large
limit of capture probability. First of all,
as emphasized in [3], it is not necessarily an upper bound
on the achievable throughput, because even if
is large,
a retransmission control strategy can be used to effectively
decrease the number of simultaneous transmitters to a nearoptimal level. Second of all, when is large, the stations that
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are successful will tend to be closer to the base station, so that
after some period of operation relatively fewer of the closer
stations will require transmission. This could severely decrease
the actual observed capture rates in practice.
Nevertheless, the identification of the large limit is useful,
since: 1) it offers a convenient check on numerical computations for finite , 2) for large, highly mobile networks, it offers
a simple approximation for the expected capture rate.
A related research problem that is worthy of further investigation is the determination of the large limit of the capture
probability for the case of a diversity system (e.g., multiple
receiving antennas). This problem was investigated for the
case of a dual-diversity system with independent Rayleigh
fading by Zorzi [7]. Given some assumptions on the spatial
distribution, Zorzi’s results indicate that the large limit does
in fact depend on the presence of Rayleigh fading unlike the
results for the no-diversity case studied in this paper.
An interesting extension of this work would lie in finding
the appropriate density of base stations to serve a population
of mobile users, along the lines of the spectrum efficiency
described in [8]. The straightforward application of the results
in this paper apply to the case of one base station with a large
population of mobile users. However, one could imagine a
large population of mobile users together with a number of
base stations located at different spatial locations. In that case,
our results could apply to the effective throughput seen at each
base station, though some additional work will be required to
determine joint statistics. These throughputs together with the
desired system capacity can be used to determine the correct
(minimum) density of base stations to achieve a given level
of performance.
The basic model studied in this paper assumes that transmissions are not power controlled. In some large cellular systems,
stations may exert power control, but many of the stations
may be controlling power received at base stations other than
at base station zero (the particular base station of interest,
as in the introduction). Thus, the power received at base
station zero from each of a large number of distant interfering
stations is not tightly controlled. Perhaps the results of this
paper can be modified to provide insight into the effects of
such interference, in particular in connection with advanced
methods of multiple-access detection at base station zero.

PROOF
Given
for
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Furthermore, integration by parts and the assumptions on
yield that

Similarly

all large
Since

is arbitrary, it follows that
. Proposition 2.1 is proved.
APPENDIX B
UNIVERSALITY OF THE LIMIT

The proof of Proposition 3.1 is divided between this and
the next Appendix. Equation (4) is verified in this Appendix.
Equation (5) follows immediately from (4) since at most
transmissions can be captured for either the finite
or the infinite model. The next Appendix completes the
proof by establishing (5). Fix with
for the remainder
of this Appendix.
We pause to give some intuition behind the proof of (4). The
distribution of power received from a typical station has the
same roll-off parameter as the random variable
, where
is uniformly distributed on
. The th largest power
received from independent stations is thus distributed like
, where
is the th smallest of independent
random variables, each uniformly distributed on
. By
the well-known theory of order statistics (see [9, Section I.7]
or [10, p. 335]) the joint distribution of
converges as
to the distribution of
. Thus,
and
for large

APPENDIX A
PROPOSITION 2.1

OF

, choose
so small that
. This inequality and the fact

imply

We now turn to the actual proof of (4).
Let
denote a distribution function with
.
Given
, let
be independent, identically
distributed random variables with distribution function . Let
denote the corresponding decreasing sequence
of order statistics, which by definition is formed by a random
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permutation of
, such that
can be expressed as
. Assume that
, where
and
.
Similarly,
can be expressed as

. Then

Define, for
, (for brevity, we suppress
the variable from the notation)

as

(6)
The law of large numbers implies that
with
probability one as
, which implies that
for
.
Lemma 7.1: If
, where
and
, then there is a bounded function
on the interval (0,
1) with
such that if
is uniformly distributed on the unit interval, then
is monotone
nonincreasing in
and has distribution function .
Proof: Following standard theory, define by
for
, so that is a version
of the inverse function of
. Then is nonincreasing, right
continuous, and
if and only if
. This
last relation implies that
has distribution function .
Set
so that
. In
view of the properties of , it remains only to show that
. This last relation follows from the following
fact, which itself is easy to verify by a simple sketch: If for
and
,
for
, then
for

In view of the lemma, we can write for

and, for

so that

and
. By the observations above,
as
, and by monotone convergence,
as
.
Suppose
. Since
with probability one, it
with probability one as
.
follows that
Given
, fix sufficiently large that
.
Since
, it follows that if is sufficiently large,
then
. Since
is arbitrary,
.
Relation (4) is thus established if
.
In the remainder of this section assume that
, for
it remains to prove (4) in this case. The key is to bound the
difference
Lemma 7.2: Given
, for any
sufficiently large,
uniformly in
.
Proof: Fix with
and integers
with
, Observe that
if and only if at least
of the uniform random variables are less than or equal to
.
Therefore, using
to denote a random variable with the
binomial distribution of parameters and
. Apply the two inequalities:
(this inequality follows by viewing
as the
sum of Bernoulli random variables, and noting that there
are
(overlapping) ways in which
can occur)
and
to yield

(7)
(8)
where
order statistics of
variables, and

denotes the increasing sequence of
independent, uniformly distributed random

Using the union bound technique, sum the right side of (8)
over with
to obtain
for some

(9)

Let
. Note that
with probability one. On the
other hand, using (9), and setting
yields
The representation (7) is useful since, as well known
from the theory of order statistics,
as
, where “ ” is used to
denote weak convergence. See [9, Section I.7], or note
that
has the same distribution as
[10, p. 335], so it suffices to note that
by the law of large numbers,
). This explains the
appearance of ’s in (6). In addition, the fact
implies that
converges in probability to zero as
for fixed, so that
as
for fixed.

Bounding the sum on the left above by
simplifying yield

, and

(10)
Equation (10) implies the lemma.
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Note that
has a continuous distribution function
since
is a strictly increasing function of the
exponentially distributed random variable (which itself has
a continuous distribution function) in the sequence defining
. In addition,
, so that given
there exists
so that for all sufficiently large
(11)
(12)
By Lemma 7.2, taking even larger if necessary guarantees
that
, or equivalently that
(13)
for all

. Finally, take
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We remark that the event
occurs only if there is
no ordinary arrival in the interval
, so that
. From this, it follows that by taking
sufficiently small, the contribution to (15) due to integration
over
can be made arbitrarily small, uniformly in
for sufficiently large. Thus, taking
in (15), and
letting
denote the sum of powers for the
infinite system, yields that
(16)
Recall that the Gamma function is defined by
, so that

so large that

(17)
(14)

Inequalities (13) and (14) and the triangle inequality imply
that
. Therefore, by (11)

Use (17) to substitute for
in (16), change the order of
integration and integrate by parts to obtain

(18)
and by (12)

Therefore,
is arbitrary, the proposition is proved.

. Since

is the Laplace transform of the density of .
where
The random variable
is the sum of
random variables, each distributed as
for
uniformly distributed
over
. Thus, the Laplace transform of the density of
is given by

APPENDIX C
IDENTIFICATION OF THE LIMIT
Expression (5) is verified in this Appendix, thereby completing the proof of Proposition 3.1. A by product of the proof
of (4) given in Appendix B is that
if
and
. Consequently,
for
. Hence, for the
remainder of this Appendix, suppose
.
Given
, consider a new system that approximates
the infinite one, defined as follows. Stations are distributed
according to a Poisson process of unit
over the interval
intensity, and the received power for a station located at is
. Let
denote the corresponding mean number
of captured transmissions. Since
has a continuous distribution function, it is clear that
.
Well-known properties of the Poisson processes imply that
is equal to the mean number of stations, , times
the probability that a test station achieves capture. A test
station is uniformly distributed over the interval
, and the
interference power it encounters is
, the sum of the powers
,
of all ordinary stations, given by
is the number of ordinary stations. Thus, using
where
a change of variable

(15)

Letting again
, and also using a change of variables,
integration by parts, and the definition of the Gamma function,
we obtain

Substituting this expression for
into (18), doing a final
change of variables
, and using the fact
(see [11, eqs. (15) and
(17)]) yields that

sinc
which is the desired expression (5).

260

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 45, NO. 2, FEBRUARY 1997

REFERENCES
[1] J. D. Parsons, The Mobile Radio Propagation Channel. New York:
Wiley, 1992.
[2] J. P. Linnartz, Narrowband Land-Mobile Radio Networks. Norwood,
MA: Artech, 1993.
[3] M. Zorzi and R. R. Rao, “Capture and retransmission control in mobile
radio,” IEEE J. Select. Areas Commun., vol. 12, pp. 1289–1298, Oct.
1994.
[4] C. T. Lau and C. Leung, “Capture models for mobile packet radio
networks,” IEEE Trans. Commun., vol. 40, pp. 917–925, May 1992.
[5] J. C. Arnbak and W. Blitterswijk, “Capacity of slotted ALOHA in
Rayleigh-fading channels,” IEEE J. Select. Areas Commun., vol. SAC-5,
pp. 261–269, Feb. 1987.
[6] A. Krishna and R. O. LaMaire, “A comparison of radio capture
models and their effect on wireless LAN protocols,” in Proc. IEEE
3rd International Conf. Univ. Personal Commun., San Diego, CA, Sept.
1994, pp. 666–672.
[7] M. Zorzi, “Mobile radio slotted ALOHA with capture and diversity,” in
Proc. IEEE INFOCOM, Boston, MA, Apr. 1995, pp. 121–128.
[8] R. Prasad and A. Kegel, “Effects of Rician faded and log-normal
shadowed signals on spectrum efficiency in microcellular radio,” IEEE
Trans. Veh. Technol., vol. 42, pp. 274–281, Aug. 1993.
[9] W. Feller, An Introduction to Probability Theory and Its Applications.
New York: Wiley, 1971, 2nd ed.
[10] G. R. Shorack and J. A. Wellner, Empirical Processes with Applications
to Statistics. New York: Wiley, 1986.
[11] M. Abramowitz and I. E. Stegun, Eds., Handbook of Mathematical
Functions. Washington, D.C.: National Bureau of Standards, 1964.

Bruce Hajek (M’79–SM’84–F’89) received the
B.S. degree in mathematics and the M.S. degree
in electrical engineering from the University of
Illinois, Urbana-Champaign, in 1976 and 1977,
respectively, and the Ph.D. degree in electrical
engineering from the University of California at
Berkeley, in 1979.
He is a Professor in the Department of Electrical
and Computer Engineering and in the Coordinated
Science Laboratory, University of Illinois, UrbanaChampaign, where he has been since 1979. He
served as Associate Editor for Communication Networks and Computer
Networks for the IEEE TRANSACTIONS ON INFORMATION THEORY (from 1985
to 1988), as Editor-in-Chief of the same TRANSACTIONS (from 1989 to
1992), and as President of the IEEE Information Theory Society (1995).
His research interests include both wireless and highspeed communication
networks, stochastic systems, combinatorial and nonlinear optimization and
information theory.

Arvind Krishna (S’86–M’91) was born in
Dehradun, India, on November 23, 1962. He
received the Ph.D. and M.S. degrees in electrical
and computer engineering from the University of
Illinois, Urbana-Champaign, in 1990 and 1987,
respectively, and the B.Tech. degree in electrical
and computer engineering from the Indian Institute
of Technology, Kanpur, India, in 1985.
He is a Research Staff Member with the IBM
Thomas J. Watson Research Center, Yorktown
Heights, NY, where he currently manages the
wireless and mobile networking group. He joined IBM in 1990, and since
then has worked on research and development related to both high-speed
and wireless networks. The topics he has worked on include the design of
network protocols for mobile users, wireless LAN’s, the use of wireless
in data networks, the impact of radio capture on access protocols, packet
routing in high-speed networks, and enterprise networks. He continues to
be interested in other areas such as applied probability, algebraic coding,
and switch architectures. He is an Editorial Board Member of the IEEE
Personal Communications Magazine, the ACM/Baltzer Journal on Special
Topics in Mobile Networking and Applications (MONET), the Journal of
High-Speed Networks, and actively serves on the program committee for
various conferences. He has published numerous technical papers and filed
several patents in the areas of wireless networks and high-speed networks.
Dr. Krishna has received Outstanding Technical Achievement Awards,
invention achievement awards, as well as other awards from IBM for his
work on wireless networking products.

Richard O. LaMaire (M’87) received the Ph.D. degree in electrical engineering and computer science
from the Massachusetts Institute of Technology,
Cambridge, MA, in 1987.
He is a Research Staff Member with the IBM T.
J. Watson Research Center, Yorktown Heights, NY.
At the Massachusetts Institute of Technology, Cambridge, MA, he conducted research in the areas of
adaptive and digital control theory and estimation.
For the past eight years, he has conducted research
in the communications area focusing initially on
wired local-area networks (LAN’s) and for the last four years on wireless
LAN’s and personal communication networks. His interests include wireless
communications systems (particularly medium access control protocols and
other data link layer protocols), scheduling and switching algorithms, and
communications system design. He is currently serving as a Feature Editor
for the IEEE Personal Communications Magazine.

