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Abstract— This study extends recent work on using adaptive
phase fluctuations to enhance multiuser diversity in the downlink
of a cellular network. Feedback at the base station is limited and
Rayleigh fading is assumed.

Our main findings are presented along three main axes.
First, we study a single-cell environment with adaptive fluc-

tuations induced between multiple transmit antennae at the
base station. Phase fluctuations of three transmit antennae are
induced based on a two-dimensional mapping of their relative
phases. A one to two dB improvement of the performance is
obtained over the two-antennae case. For two transmit antennae,
we also investigate another two-dimensional problem by jointly
varying the phase difference and power allocation between two
antennae. Our simulations show somewhat surprisingly that an
equal power-splitting with adaptive phase fluctuations provides
better performance than the joint strategy.

Second, we take into account the effects of intercell inter-
ference. The impact of neighboring cells using the same trans-
mission frequency and executing the same adaptive algorithm
is accounted for. A simple model is studied by considering a
single interfering cell with parameters chosen to account for
the power of the six nearest interfering cells. Our simulations
and analysis probe the consequences of the fact that intercell
interference noise is burstier than thermal noise. We find that
multiuser diversity is more effective against interference than
against Gaussian thermal noise with equal power. However, the
interfering noise tends to become Gaussian when the number
of interferers increases. The performance is also observed to
be insensitive to the phase variation strategy of the interfering
station. We further consider a more detailed model involving the
simultaneous simulation of the six nearest interfering cells, with
users randomly distributed in the cells.

Third, fairness issues are taken into account. We observe that
fairness decreases throughput but we still observe a multiuser
diversity gain.
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I. I NTRODUCTION

The concept of multiuser diversity is central to this paper
and may be described as follows. It is reasonable to assume
that the channels between distinct users and a base station
fade independently. If the base station has information about
the channel quality, it can take advantage of this independence
to transmit in a given time slot only to the user with the best
channel. This is the multiuser diversity effect.

This concept has its roots in information theoretic resultsas
follows. First, Knopp and Humblet [1] showed that in the case
of a single-cell uplink with multiple users communicating over
time-varying channels, an optimal strategy from a capacity
point of view is to receive data at any given time only from
the user with the best channel. Assuming that the channels can
be perfectly tracked at the mobile users and the base station,
Tse [2] showed that the total downlink information capacity
can be achieved by transmitting only to the user with the best
channel at any time. Viswanath et al. [3] proposed to further
improve the performances of [2] by inducing fluctuations
through the phase variation of an additional transmit antenna at
the base station. They studied this phenomenon in the case of
complete feedback: this is called opportunistic beamforming.
The same signal is transmitted though both antennae with the
phase difference being varied randomly. The use of multiple
antennae enables large and fast channel fluctuations, even in
slow fading or little scattering environments. Moreover, this
requires no more signal processing than the one-antenna case.
It is therefore easier to implement than techniques based on
space-time processing or smart antennae.

In this paper, we extend the work of [4] by considering
a two-dimensional search which can be applied to phase
fluctuations of three transmit antennae or joint power-phase
fluctuations of two transmit antennae. We also address the
issues of intercell interference and fairness.



II. M ULTIPLE TRANSMIT ANTENNAE WITH ADAPTIVE

PHASE FLUCTUATIONS IN ONE CELL

A. Brief description

The system is composed of a central base station with
N transmit antennae andK mobile users. The same signal
with different phases is transmitted by the transmit antennae.
The presence of more than one antenna at the base station
introduces additional paths between the transmit antennaeand
the considered mobile user. This results in changes in the
interference pattern, i.e., the combination of the signal paths
can either interfere constructively or destructively. By control-
ling the phases, we can thus create constructive interference,
resulting in a higher Signal to Noise Ratio (SNR).

B. System model

The base station and the mobile users communicate over
time-varying fading channels with additive white Gaussian
noise (AWGN) channels. Time slots are indexed byl. The
channel coefficients are treated as constant during a time slot
of fixed length l. The coefficienthik is the channel gain
between the userk (1 ≤ k ≤ K) and the transmit antenna
i (1 ≤ i ≤ N ). The random variables(hik) are assumed
to be mutually independent and circular symmetric complex
Gaussian with mean 0 and variance2σ2.

The transmit antennai is allocated a fractionα2
i of the total

transmit power, which is assumed constant, and transmits in
slot l the signalx (l) αi (l) ejθi(l), where the phases(θi)1≤i≤N

are being varied as per our strategy further described. We
assume Rayleigh fading commonly used for mobile users in
urban areas, as well as Gauss-Markov time evolution.

C. Service model

Each time slot consists of alternate test and service periods.
First, the mobile userk records its received SNR as per:

SNRk (l) =

∣∣∣∣∣

N∑

i=1

hik (l) αi (l) ejθ′
i(l)

∣∣∣∣∣

2

(1)

whereθ′i is the relative phase between antennai and antenna
1, i.e.,θ′i = θi − θ1, 1 ≤ i ≤ N and feeds it back to the base
station, which then serves the strongest SNR user.

D. Case of three antennae at the base station

The scheme used for controlling the phase differencesθ′2,
θ′3 in our study is given by the following update equations:

θ′2 (l + 1) = θ′2 (l) + φ∆θ (l) mod.2π (2)

θ′3 (l + 1) = θ′3 (l) + ∆θ (l) mod.2π (3)

whereφ = 1+
√

5
2 and

∆θ (l) = Bexp (−γSNR∗ (l)) (4)

Here SNR∗ (l) = max1≤k≤K SNRk (l), and B and γ are
parameters of the system which we determine by an off line
joint-search. Given the knowledge of the channel coefficients,
there exist optimal values ofθ′2 and θ′3 maximizing the
throughput and corresponding to the beamforming situation.
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Fig. 1. Golden-ratio mapping.

They are both functions of the channel coefficients and are
consequently time slot dependent as the channels are time-
varying.

By inducing fluctuations, our goal is for the phases to spend
most of the time around thegood regions of the joint-space
where SNR∗

θ′
2,θ′

3
(l) is high so that we can ensure a good

average throughput on the long run. As the base station is
only aware of theSNR and not of the individual channel
coefficients, it does not know the optimal phase values but
needs them to move around the complete square[0, 2π]

2 to
track them efficiently. A largerSNR∗ (l) results in (θ′2 (l);
θ′3 (l)) dwelling longer in the good regions of the phase space:
the trajectoryslows downand the transmission takes place at
a higher rate. A large value ofγ is only good in the vicinity
of the optimum. Therefore, a careful choice ofB linked to the
choice ofγ can somewhat mitigate the negative effect in bad
regions of the phase.

In the case of two antennae with equal power split, the
search for a good phaseθ′2 is one-dimensional. Since we are
considering three antennae with equal power split, a two-
dimensional sampling technique is needed. To avoid large
phase jumps, (3) uses a one-dimensional trajectory technique
which rapidly fills out the two-dimensional phase space. The
sampling technique used which we callgolden-ratio mapping
enables us to go through all the possible values ofθ′3 when
θ′2 circles repeatedly through[0; 2π]. The dense and uniform
coverage of[0; 2π]× [0; 2π] stems from the irrationality ofφ.
This is illustrated in Fig. 1. The plot has been done forθ′2
circling 5 times around the interval[0; 2π].

E. Simulations and observations

We present simulations for Rayleigh fading and low SNR
regime and two values of the Gauss-Markov parametera.
We take the throughput to be proportional to SNR, which is
reasonable if the network is operating in a low SNR regime.
A larger value ofa corresponds to a faster time variation
of the channel. In the simulations, the optimal values of the
parameters B andγ are found by an off line search through
the joint space of(B, γ), such that the average throughput per
time slot is maximized using these parameters.
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Fig. 2. Adaptive scheme for Rayleigh fading in the low SNR regime, case
of 3 antennae.
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Fig. 3. Performance of the adaptive scheme for Rayleigh fadingin the low
SNR regime, comparison 2 antennae/3 antennae.

Fig. 2 illustrates the performance for three transmit an-
tennae. We observe that the adaptive scheme offers a good
improvement of the performance in comparison to the open-
loop performance whereθ′2 varies randomly without any use
of the feedback. The gain is around 3 dB in the case of a slow
channel (a = 0.9) and 1 dB in the case of a faster channel
(a = 0.99), uniformly over the number of users from 2 to
20. It is also noticeable that beamforming, where we have
optimal phase and power splitting or optimal phase and equal
power splitting, offers better results: 1 to 2 dB more, which
is logical. However this requires a perfect knowledge of the
channels, which is typically unavailable. We also observe that
a slow channel wherea has the value 0.99, for example
corresponds to a higher throughput than a faster channel where
a equals 0.9. This is due to the adaptive scheme having enough
time to adapt itself to the values of the channel, and thus to
find a better value for the control parameters. Moreover, this
shows that even a small decrease in the value ofa can provide
a good improvement of the performance. Fig. 3 compares
the performance for two transmit antennae (one-dimensional
search) and three transmit antennae (two-dimensional search).
We see that for a fast channel corresponding to a = 0.9, the
performances are not really improved: the gain is only around

0.1 dB. However, when the evolution in time of the channels
is slower, for examplea = 0.99, the improvement is nearly
1 dB. Hence in this case, having three antennae at the base
station offers a slight improvement in the performance. This
improvement increases as the channel gets slower.

F. Further investigations and simulations in the case of two
antennae at the base station: joint time-varying power-phase
allocations

The study is done in the case of two antennae at the base
station. We investigate now the effect of a joint variation
in time of the power allocation and the phase fluctuations
on the performance of the system. This issue is of interest
because a joint variation of the power splitting and the
phases may possibly improve the performance compared to
an equal power splitting. Indeed, some upper-bounds on the
performance in the case of joint control of the phase and power
among the transmit antennae are presented in [4]. The optimal
performance corresponding to the upper-bound is obtained by
beamforming to the best user and is based on the Cauchy-
Schwarz inequality.

In the previous subsection, we introduced a two-dimensional
search through the phase space in order to track the optimum
phase configuration. The power was allocated equally among
the three antennae :α2

1 = α2
2 = α2

3 = 1
3 . For two antennae,

there is only one phase difference to consider. We therefore
consider introducing a second dimension corresponding to
a time-varying power allocation, using a scheme similar to
the one presented earlier and based on the golden ratio.
Our approach is based on the fact that as in the previous
section, we will look for a two-dimensional search trackingthe
optimal configuration and spending as much time as possible
in its vicinity. The scheme will be based on the golden-ratio
mapping introduced previously with some slight modifications
due toα2

1 being defined over[0, 1].
For two antennae at the base station, the phases and the

power allocation corresponding to beamforming to the userk
are given by (the time slotl is omitted for clarity purposes)

α2
1 =

|h1k|2

|h1k|2 + |h2k|2
(5)

α2
2 =

|h2k|2

|h1k|2 + |h2k|2
(6)

and

θ1 = − arg (h1k) (7)

θ2 = − arg (h2k) (8)

wherehik is CN (0, 2σ2).
The computation of theSNR requires only the knowledge

of α2
1 andθ′2 = θ2−θ1. We can show that under the assumption

on the distribution ofhik, α2
1 is uniformly distributed over

[0; 1] (see Appendix I for some explanations) and thus has
mean1

2 . As previously, our mapping must be able to efficiently
track the optimum in the two-dimensional space. We therefore
use a mapping betweenθ′2 and α2

1 such thatα2
1 spends
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Fig. 4. Plot of the parametric functiongβ (u) over 0 ≤ u ≤ 1 for β =
1, 2, 3, 4, 5.

time around1
2 which represents the situation of equal power

splitting, namely
α2

1 = gβ (u) (9)

whereβ is a real number (β ≥ 1) andgβ (u) is defined as

gβ (u) =
1

2

(
1 + (2u − 1) |2u − 1|β−1

)
. (10)

A largerβ biasesα2
1 closer to1

2 as in illustrated in Fig. 4. The
parameterβ is chosen so that we obtain the best performances.

The variableu is mapped through a golden-ratio mapping
to θ′1:

θ′1 (l + 1) = θ′1 (l) + ∆θ (l) (11)

u (l + 1) = u (l) + φ∆θ (l) (12)

where
∆θ (l) = Bexp (−γSNR∗ (l)) (13)

Fig. 5 illustrates this situation for a lowSNR regime in the
case of a Rayleigh fading and a slow channel wherea = 0.99.
The mapping is described by the value of the parameterβ
which is taken to be equal to 2 or 3. It is a measure of the
speed of the trajectory aroundα2

1 = 1
2 .

Typically, the curve forβ = 2 spends more time around
it, so it should give better results thanβ = 3. We observe
that a time-varying golden-ratio power splitting mapping does
not improve the performance of the scheme on the long term;
on the contrary, it degrades performance. Thus, it seems that
an equal power allocation among the antennae offers a better
performance.

III. M ODELING THE INTERFERENCE OF NEIGHBORING

CELLS

A. Description of the model, key assumptions

As seen in the previous section, no intracell interference
has to be considered as only one user is served per time slot
in a given cell. However, the previous downlink scheme may
be implemented in each of many cells. Therefore, other cells
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Fig. 5. Performance of the adaptive phase-power splitting scheme in a low
SNR regime in the case of Rayleigh fading (2 antennae).

Fig. 6. Cells with a frequency reuse of1
4

.

interact with the one considered, affecting the performance.
In this section, we address the issue of intercell interference.
The model is a combination of probability distributions and
of a geometric point of view through a path-loss model. Cells
are modeled as hexagons of radiusR and the studied cell is
denoted cell 0. Our approach is based on [5] and illustrated in
Fig. 6. We consider a frequency reuse factor equal to1

4 . The
following key additional assumptions are made:

• Each base station has two antennae and is located at the
center of its cell.

• During the time slot where a given mobile user in cell
0 communicates with the base station of its cell, the
interfering base stations transmit at the same time, i.e.,
we have a synchronization of the time slots.

• The path-loss follows the empirical modelPr (d) ∝
(d)−4 wherePr is the average received signal strength at
a distanced of the transmitter.



This last formula can for example be found in [5]. It
shows that the average received signal strengthPr at any
point at distanced decays as a power law of the distance
of separationd between the receiver and a transmitter. The
path-loss exponent is chosen equal to 4 because we consider
a crowded urban environment.

The interference is generated primarily by the six nearest
interfering cells using the same frequency (correspondingto
the first layer of interfering cells). These cells are denoted cell
1, ..., cell 6.

For each userk of cell 0, the interfering signal from cellj
(1 ≤ j ≤ 6) is simply taken to be a signal of the same nature
as the desired signal from the base station in the same cell
but with an attenuation factora(0j)

k chosen according to the

path-loss previously mentioned, i.e.,a
(0j)
k =

(
d
(0j)
k /d

(0)
k

)4

,

where for1 ≤ i 6= j ≤ 6, d
(ij)
k is the distance from a userk

in cell i to the base station of cellj and d
(i)
k is the distance

from a userk in cell i to its own base station.
Extending the notations of the previous section to the con-

text of six interfering cells, we adopt the following notations
for 1 ≤ i 6= j ≤ 6:

•
∣∣x(i) (l)

∣∣2 is the total transmit power of the base station
of cell i in time-slot l .

• α
(i)
1 (l) and α

(i)
2 (l) represent the allocation of power

among the two transmit antennae of the base station of

cell i in time-slot l : α
(i)
1

2
+ α

(i)
2

2
= 1.

• h
(i)
1k (l) and h

(i)
2k (l) represent the channel coefficients

between the userk in cell i and the transmit antenna
1 (resp. 2) of the base station of celli in time-slot l .

• h̃
(ij)
1k (l) and h̃

(ij)
2k (l) represent the interfering channel

coefficients between the userk of cell i and the transmit
antenna 1 (respectively 2) of the base station of cellj in
time-slot l.

• θ(i) (l) is the phase difference between the two transmit
antennae of the base station of celli in time-slot l.

A random variableU (0)
k refers to the desired signal for a user

k in cell 0. It is defined as follows for two transmit antennae
in cell 0:

U
(0)
k (l) = h

(0)
1k (l) α

(0)
1 (l) + h

(0)
2k (l) α

(0)
2 (l) ejθ(0)(l) (14)

Each random variablẽU (0j)
k (l) refers to the interfering signal

from the transmit array in cellj to the userk in cell 0 and
is defined as follows for two transmit antennae and adaptive
phase fluctuations in cellj:

Ũ
(0j)
k (l) = h̃

(0j)
1k (l) α

(j)
1 (l) + h̃

(0j)
2k (l) α

(j)
2 (l) ejθ(j)

(l) (15)

We assume the base stations have the same total power;
hence, we suppose that for1 ≤ i, j ≤ 6:

∣∣x(i)
∣∣2 =

∣∣x(j)
∣∣2 = P

whereP is a constant. TheSINR in the time slotl for the
served mobile userk in cell 0 (for two antennae at each base

station and given the channel gains) is thus given by

SINR
(0)
k (l) =

∣∣∣U (0)
k (l)

∣∣∣
2

∑j=6
j=1 a

(0j)
k (l)

∣∣∣Ũ (0j)
k (l)

∣∣∣
2

+ Pthermalnoise/P

(16)
A value for the ratioPthermalnoise

P is determined as follows:
We take a referenceSNR, denoted bySNRref computed
when no intercell interference is considered, and there
is only one antenna at the base station. Namely,

10 log




E

[∣∣h(0)

1k
(l)

∣∣2
]

Pthermalnoise/P


 = SNRref .

Since
∣∣∣h(0)

1k (l)
∣∣∣
2

is exponentially distributed with parameter
1

2σ2 , this brings, assuming a nominal valueSNRref = 5dB,
Pthermalnoise

P = 2σ2
√

10
as the thermal noise is assumed to be

Gaussian. We have finally our simplified model:

SINR
(0)
k (l) =

∣∣∣U (0)
k (l)

∣∣∣
2

∑j=6
j=1 a

(0j)
k (l)

∣∣∣Ũ (0j)
k (l)

∣∣∣
2

+ 2σ2√
10

(17)

This expression has been obtained for two antennae per
base station. A similar expression for any number of transmit
antennae at the base station in each cell can be easily obtained.

B. Fairness, delay of the scheme

In our context, the resource is the amount of data and
the competing users are the mobile stations in a given cell.
In a multiuser diversity scheme, only one user gets all the
throughput in a given time slot. The chosen one is the one with
the bestSINR. This approach is beneficial to the throughput
[1], but does not ensure fairness. Namely, in our scheme, a
small number of users with the best channels might receive
most of the throughput, whereas the others will be deprived
of data. The approach is not relevant in the context of delay-
limited data where we want the mobile users to receive their
respective datas in a reasonable amount of time.

A generalized definition of fairness has been introduced
in [6] by Mo and Walrand. It presents a family of utility
functions, parameterized by a nonnegative parameterα varying
between 0 and+∞. A large value ofα promotes equality of
throughputs andα near zero promotes maximizing the sum of
throughputs. The family of functions(Uα (x))α≥0 is defined
for a givenα by [6]:

• If α = 1: Uα (x) = log (x)

• Otherwise,Uα (x) = x1−α

1−α

In our study, for a given celli and a given time-slotl, our
fairness approach will be based on

(
Uα

(
T

(i)
k (l)

))

1≤k≤Ki

,

whereT
(i)
k (l) is the average cumulative throughput through

userk of cell i, until time slot l, defined as follows:

T
(i)
k (l) =

1

l

∑

p<l

f
(
SINR

(i)
k (p)

)
(18)



where the sum is limited to the slotsp such thatk∗(i) (p) = k,
i.e., to the slots wherek is the chosen user in celli (as per
our strategy described below).

• In the low-SNR regime,f (x) = x.
• In the high-SNR regime,f (x) = log (1 + x).
The userk selected for downlink in celli slot l is k∗(i) (l):

k∗(i) (l) = arg max
1≤k≤Ki

f
(
SINR

(i)
k (l)

)
U

′

α

(
T

(i)
k (l)

)
.

(19)
The choice (19) is the one maximizing the aggregate util-

ity,
∑Ki

k=1 Uα

(
T

(i)
k (l + 1)

)
, as predicted by the first order

increase based on Taylor’s theorem. The choice (19) can be
written using the definition ofUα (x) as:

k∗(i) (l) = arg max
1≤k≤Ki

f
(
SINR

(i)
k (l)

)

[
T

(i)
k (l)

]α (20)

Consequently, the selection of the mobile userk∗(i) (l) is based
not only on the instantaneous quality of its channel, but also on
the amount of throughput it has been able to receive. Similarly,
we slightly modify (4) so the phase difference spends most
of the time ingood regions of the phase space, which corre-

spond now to high values ofσ∗(i) (l) =
f

(
SINR

(i)

k∗(i)(l)
(l)

)

[
T

(i)

k∗(i)(l)
(l)

]α .

Therefore, the phase jump in celli and in slotl is determined
as follows:

∆θi (l) = Bexp
(
−γσ∗(i) (l)

)
. (21)

The steps are therefore the following:
• The SINR of a mobile userk is computed based on

(17).
• The chosen userk∗(i) (l) in time slot l and in cell i is

chosen based on (20) to account for fairness.
• The phase fluctuations in each of the seven cells are based

on (21).
Note that the valueα = 0 in the above fairness scheme

corresponds to the approach (taken in the previous subsec-
tion), where the only concern is maximizing the throughput.
Choosingα = 1 corresponds to proportional fairness [7],
whereas choosingα → +∞ corresponds to a max-min
fairness approach.

IV. I NTERFERENCE FROM ASINGLE FICTITIOUS CELL

Limiting our network to only two cells is part of an
attempt to capture the main features of inducing adaptive
phase fluctuations at the network level through a basic, low-
complexity model. The main simplification stems from the
fact the two-cell system is self-sufficient, in that each of the
two cells is the only interfering cell affecting the other one.
Hence, studying the adaptive phase strategy in each cell does
not require any information other than the interfering channels
and the value of the phase in the other cell. Considering the
phase-adaptive algorithm running simultaneously in six inter-
fering cells presents some computational complexity which

we discuss in the next section. By considering only one cell
instead of the six nearest cells, we expect to simplify the model
and overestimate the burstiness of the interference noise.We
adapt the general notations introduced in the previous section
to this simplified model as follows: the cell that we study is
called cell 0 and the interfering cell (called single interferer
or supercell) is represented by the indexS.

We evaluate the performance of multiuser diversity with
adaptive fluctuations for three strategies in the interfering cell:

• Case 1: only with the thermal noise due to the noisy
channel between the transmit antenna and the receiver:
we do not consider the impact of other cells.

• Case 2: with a mixture of the previously mentioned
thermal noise and intercell interference requiring various
levels of detail.

• Case 3: with a thermal noise which has the same total
average power as the mixture.

The first case does not consider the dependence between the
performances in distinct cells. A comparison between the per-
formance in the second and third cases will determine whether
the thermal or the intercell noise degrades the performance
more at a given noise power.

A. Choice of the parameters

Within our simplified model and using the notations of last
section, theSINR of a userk in cell 0 and in time slotl is
given by

SINR
(0)
k (l) =∣∣∣h(0)

1k
(l)α

(0)
1 (l)+h

(0)

2k
(l)α

(0)
2 (l)ejθ(0)(l)

∣∣∣
2

A
(0S)

k
(l)

∣∣̃h(0S)

1k
(l)α

(S)
1 (l)+h̃

(0S)

2k
(l)α

(S)
2 (l)ejθ(S)(l)

∣∣2+ 2σ2
√

10

(22)

whereA
(0S)
k (l) is a coefficient which is chosen to account for

the mean interference from the interfering cell to thekth user
in time slot l.

As we study a worst-case situation and in order to have
a computationally tractable model, we decide to choose
A

(0S)
k (l) without dependence onk andl. We choose a geomet-

ric approach to obtain the interfering coefficients correspond-
ing to the worst position in cell 0. Neglecting the influence of
the thermal noise, the signal-to-interference ratio(SIR) can
be computed through simple geometrical considerations:

• For a user on the middle of one side of cell 0,Pinterf

Psignal
=

1
92 + 2

132 + 2
212 + 1

252 , so the average signal-to-interference
ratio SIR, defined by10 log(

Psignal

Pinterf
) dB, is around 15

dB.
• Similarly, for a user at a vertex, the averageSIR is

approximately equal to 12.5 dB.
The user at a vertex has a smallerSIR than the user on the

middle of one side and presents indeed the worst position on
the border of the cell as far as theSIR is concerned.

We setA(0S)
k (l) = 0.1 for 1 ≤ k ≤ K0 in (22). This means

that the interfering signal is attenuated on average 10 dB below
the desired signal. We tend to overestimate the power of the
noise obtained by the geometrical model because we study a
worst-case situation.



B. Simulations and observations

1) Single transmit antenna at the base station:Let V
(0)
k =∣∣∣h(0)

1k (l)
∣∣∣
2

and Ṽ
(S)
k =

∣∣∣h̃(0S)
1k (l)

∣∣∣
2

represent respectively the
power attenuation in the signals sent from the base station in
cell 0 and in cellS. These random variables are mutually inde-
pendent and exponentially distributed with parameterλ = 1

2σ2 .
They are also independent across the usersk by assumption.
The SINR for mobile userk (1 ≤ k ≤ K0) in cell 0 takes
therefore the simplified form in the three cases mentionned
above (the subscript 1 and the time slotl are omitted for
convenience):

Case 1:

SINR
(0)
k =

λV
(0)
k
1√
10

(thermal noise only) (23)

Case 2:

SINR
(0)
k =

λV
(0)
k

1√
10

+ λ
10 Ṽ

(S)
k

(thermal noise and interference)

(24)
Case 3:

SINR
(0)
k =

λV
(0)
k

1√
10

+ 1
10

(equivalent thermal noise) (25)

The performance is given bymax1≤k≤K0
SINR

(0)
k (l),

whereK0 is the total number of users in cell 0. The average
performance over an infinite time-horizon can be computed
in the low SNR regime byM = Emax1≤k≤K0

SINR
(0)
k ,

where SINR
(0)
k takes one of the three above forms (23)-

(25) depending on the nature of the noise in each case.
We want to compare the performance in these three cases

and a simple way to do it is to indicate the rate at which
M grows for large values ofK0. From a practical point of
view, this approach only gives a rough idea of the performance
because the number of users in a cell is limited to a small
number, usually less than20.

Let 1 ≤ i ≤ 3 specify the index of the case considered. It
can be shown (see Appendix II) that:

• M1 ∼ R1
△
=

√
10 log K0

• M2 ∼ R2
△
=

√
10 log K0

• M3 ∼ R3
△
=

√
10

1+ 1√
10

log K0

where we writeMi ∼ Ri to mean Mi

Ri
−→ 1 in probability

asK0 −→ ∞, i.e., for anyǫ > 0, P
(∣∣∣Mi

Ri
− 1

∣∣∣ > ǫ
)
→ 0 as

K0 → ∞.
Note thatR1 = R2, so thatthe addition of intercell interfer-

ence does not decrease the throughput at all, in an asymptotic
sense.In the next section, this is born out in simulations
for even moderate numbers of users. In comparison,R3 is
smaller thanR1 by −10 log10

1
1+

√
10

≈ −1.2dB, so that if
the intercell interference were replaced by white noise with the
same power, there would be loss in throughput. Though the
difference 1.2 dB is moderate, it could be larger in scenarios
with stronger intercell interference.

2) Adaptive fluctuations for two antennae at the base sta-
tion: We simulate adaptive fluctuations in both cells at the
same time, the update of the phase in one cell affecting the
update in the other cell through the value of theSINR and
consequently, the choice of the served user. The performance
is studied in cell 0 as a function of the numbers of receivers
K0 in cell 0 for many given values ofKS (number of mobile
users in cellS).

The simulations are shown for lowSNR regime and
Rayleigh fading. As a benchmark, we also simulate the case
where adaptive phase fluctuations are induced in cell 0 but
another phase strategy is used in cellS:

• The phase does not vary adaptively in cellS but has a
fixed value.

• The phase in cellS varies randomly at each time slot.
• The phase in cellS has a deterministic evolution; it

increases by a fixed increment at each time slot (rotates
around the trigonometric circle).

• Only thermal noise is considered (cellS does not exist)
yielding the simplified expression

SINR
(0)
k (l) =

∣∣∣h(0)
1k (l) α

(0)
1 (l) + h

(0)
2k (l) α

(0)
2 (l) ejθ(0)(l)

∣∣∣
2

2σ2√
10

.

(26)
• We replace the thermal noise by additive Gaussian ther-

mal noise; hence,

SINR
(0)
k (l) =

∣∣∣h(0)
1k (l) α

(0)
1 (l) + h

(0)
2k (l) α

(0)
2 (l) ejθ(0)(l)

∣∣∣
2

2σ2( 1
10 + 1√

10
)

(27)
This is simply obtained by multiplying the performance
in absence of interference by the coefficient0.759.

In Fig. 7, we further see that increasing the phase by
fixed increments in cellS at each time slot does not affect
the performance. Thus, keeping a fixedθ(S) in cell S gives
similar results. We observe also that better performances of
the scheme are obtained when there is intercell interference
noise rather than when the interference noise is replaced by
an equal power Gaussian thermal noise.

In Fig. 8, we see that the performance in cell 0 is not
affected by the number of users in cellS when adaptive
fluctuations are made. The phase strategy in the interfering
cell does not seem to affect the performance in cell 0 as a
deterministic or a random strategy yields the same results.

V. I NTERFERENCE FROMSIX NEIGHBORING CELLS

A. Introduction and motivation

In the previous section, a simplified interference model
based on a single fictitious interfering cell and a worst-
case approach is introduced. The single interfering cell is
first assigned an average interfering power equal to the total
interfering power of the six neighboring interfering cells. The
approach is further simplified by upper-bounding the average
interference noise through a worst-case situation. Specifically,
an average attenuation of 10 dB for the interference noise



2 4 6 8 10 12 14 16 18
6

7

8

9

10

11

12

13

14

15

16

K
0
 : number of users in cell 0

S
N

R
 o

f s
er

ve
d 

us
er

]/E
[S

N
R

 o
f 1

 a
nt

en
na

]
   

   
   

   
   

   
   

   
   

   
   

   
   

FIXED INCREMENT θ (S)   

FIXED θ (S)  

RANDOM θ (S) 

NO INTERFERENCE FROM CELL S

INTERFERENCE FROM CELL S      
REPLACED BY THERMAL NOISE WITH
 SAME POWER                   

ADAPTIVE FLUCTUATIONS IN CELL S 

Fig. 7. Performance in cell 0 in presence of interference of cell S, low SNR
case, Rayleigh fading, Gauss-Markov evolution (slow:a = 0.99), adaptive
fluctuations in both cells (two-antennae case), use of various phase strategies
in cell S.

Fig. 8. Performance in cell 0 in presence of interference of cell S, low
SNR case, Rayleigh fading, Gauss-Markov evolution (slow:a = 0.99), use
of adaptive fluctuations in both cells (two-antennae case),various number of
users in cellS.

is chosen. Consequently, from the total interference-power
point of view, cell S represents in a fictitious way the real
interference from six cells.

We now present in detail the practical aspects of the general
model with six interfering cells introduced at the beginning of
this chapter. Phase fluctuations are induced between multiple
transmit antennae at any given base station based on the
pseudo-random control scheme introduced earlier and using
incomplete channel-state-information at the transmitter.

B. Choice of the number of cells in the model

Here, we would like to consider adaptive phase fluctuations
in each celli (0 ≤ i ≤ 6) to quantify the impact of six
interfering cells over cell 0. This involves implementing a
scheme similar to (17) in each of the seven cells. Although,
in principle, the network fans out from cell 0 without limit,
our simulation will capture only a finite setν of seven cells.
Specifically, we introduce for eachi such that0 ≤ i ≤ 6 the
set ν(i), which is the first layer of cells interfering with cell

Fig. 9. Layers of cells interfering with cell 0.

i. In particular, our study systemν is ν(0) ∪ {cell0} and for
i such that0 ≤ i ≤ 6, card(ν(i)) = 6. We observe that for
any i such that1 ≤ i ≤ 6, the setν contains only three of
the six nodes in setν(i). This means that for1 ≤ i ≤ 6, some
of the cells interfering with celli are not part of our study
system. Therefore, considering adaptive phase fluctuations in
each of the elements ofν through (17) would involve modeling
interactions with cells that are not part ofν.

This situation is illustrated in Fig. 9. For clarity purposes,
we have only plotted the cells where the transmission fre-
quency is f1. We do have cells with other transmission
frequencies so that the frequency reuse factor (equal to1

4 )
is respected. The central cell is cell 0; the cells with vertical
stripes correspond to the first layer of cells interfering with
cell 0, i.e.,ν(0); the cells with horizontal stripes correspond
to the additional cells interfering with cells 1-6, i.e.,∪i=6

i=1ν
(i)

–{cell 0}.
To limit our simulations to the cells inν, we think of two

feasible possibilities:
• We consider the model of (17) for cell 0 and open-loop

phase strategies for each cell i (1 ≤ i ≤ 6).
• We consider the model of (17) for cell 0 and we proceed

as follows for the interfering terms of celli where
1 ≤ i ≤ 6: As the interfering noise for a user in cell
i is composed of six terms, we multiply by two the
interference from the three interfering cells inν(0) ∩ ν(i)

and choose it as the interfering term. This yields the
following formula for userk in cell i where1 ≤ i ≤ 6:

SINR
(i)
k (l) =

∣∣∣U (i)
k (l)

∣∣∣
2

2
∑

j∈ν(0)∩ν(i) a
(0j)
k (l)

∣∣∣Ũ (0j)
k (l)

∣∣∣
2

+ 2σ2√
10

(28)

C. Positions of the users in a given cell

A second issue is the position of the users in the cells ofν.
In the simplified model involving a fictitious cell, the positions
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Fig. 10. Performance in cell 0 for six interfering cells, low SNR case,
Rayleigh fading, Gauss-Markov evolution (slow:a = 0.99). Use of adaptive
fluctuations in cell 0 and open-loop phase strategies in the other cells (two-
antennae case).

of the users do not matter because a worst-case model which
removes the dependence of the model on the positions of the
users is considered. In this section, we improve the precision
of the model by considering for each userk in cell i the
interfering variable coefficientsa(0j)

k for j ∈ ν(0)∩ν(i) related
to its position. We consider uniformly distributing the given
number of users over the cell. We can then compute the
interfering coefficients for all these positions.

D. Simulations and observations

The plots for adaptive phase fluctuations and six interfering
cells are presented in Fig. 10. We have considered the case of
open-loop phase strategies in the interfering cells (correspond-
ing to the first of two feasible strategies presented previously),
Rayleigh fading, and low SNR regime. The plots are done for
different values of the parameterα. As expected, we observe
that the performance worsens whenα increases.

VI. CONCLUSION

In this paper, we presented a scheme using multiple anten-
nae with adaptive phase fluctuations to enhance the downlink
of a cellular network. We first showed that the performance
could theoretically be improved by adding antennae at the
base station and inducing adaptive phase fluctuations between
them. However, the feasibility of the scheme has to be taken
into account for a practical implementation: there is a trade-
off to achieve between the gain in performance and the
practical difficulties that can arise from managing a large
number of transmit antennae. We then considered jointly
inducing phase and power fluctuations between the transmit
antennae. A scheme with only an equal power allocation
and adaptive phase fluctuations between the transmit antennae
was found in simulations to have better performances than
the joint adaptation. We finally considered the impact of the
interference of neighboring cells, first through a model based
on a single interfering cell, then through a more detailed model
based on the interference of six neighboring cells. Analysis

and simulations showed that intercell interference damaged
the performance less than an equal-power Gaussian thermal
noise and that fairness schemes damage the gain of multiuser
diversity. Further work could involve:

• Considering other fading models (Ricean fading for ex-
ample)

• Finding optimal values (for some criterion) of the para-
meterα introduced in the fairness scheme to achieve a
given trade-off between performance and fairness.

• Taking into account the movements of the users in a given
cell.

• Building a more consistent model for the impact of the
interference of other cells.

To conclude, we can mention the fact that multiuser diversity
in wireless networks is currently a topic of much interest. It
is already used in the downlink packet scheduling algorithm
for Qualcomm’s High Data Rate (HDR) system which is
optimized for data transfer. It has also been shown recently
to greatly increase the throughput of mobile ad-hoc networks
for delay tolerant applications [8].

APPENDIX I
UNIFORM DISTRIBUTION OF THEPOWER ALLOCATION

OVER [0;1] IN THE SINGLE-CELL BEAMFORMING CASE

A complex Gaussian random variablehik with mean 0 and
variance2σ2 is equivalent tohik = aik + jbik where aik

andbik are independent identically distributed: Gaussian with
mean 0 and varianceσ2. Under these assumptions, we know
that

√
|h2

ik| has the Rayleigh distribution with parameter
σ2, implying that

∣∣h2
ik

∣∣ has the exponential distribution with
parameter 1

2σ2 . Using this fact and the mutual independence
of

∣∣h2
1k

∣∣ and
∣∣h2

2k

∣∣, we can then easily show thatα2
1 is

uniformly distributed over[0; 1].

APPENDIX II
PROOF OF THEGROWTH RATES FOR ASINGLE

INTERFERINGCELL

First note thatλV
(0)
k and λṼ

(S)
k are independent Exp(1)

random variables.

• Cases 1 and 3: We know thatmax1≤j≤nXj =∑n
j=1

1
j Xj where (Xj)1≤j≤n are independent

Exp(1) random variables. Applying this result to(
λV

(0)
k

)

1≤k≤K0

in case 1 and taking the expected

value, we obtain:M1 =
√

10
∑K0

j=1
1
j . Using the

well-known result
∑K0

j=1
1
j ∼ log K0 as K0 → +∞,

the result is shown for case 1. The result in case 3 is a
direct consequence.

• Case 2: Note that for a givenc ≥ 0:

P

(
max

1≤k≤K0

SINR
(0)
k ≥ c

)
= 1 −

(
1 − a (K0, c)

K0

)K0

(29)
wherea (K0, c) = K0P

(
SINR

(0)
k ≥ c

)
andSINR

(0)
k

is given by (24). Using the fact thatλV
(0)
k and λṼ

(S)
k



are independent Exp(1) random variables, we obtain the
following:

a (K0, c) = K0P

(
λV

(0)
k ≥ c

(
1√
10

+
λ

10
Ṽ

(S)
k

))

= K0

∫ +∞

0

e
−c

(
1√
10

+ 1
10 v

)
e−vdv

= e
− c√

10

[
K0

1 + c
10

]
(30)

Let ǫ denote a real number such that:0 < ǫ < 1. Using
(30), we obtain:

a
(
K0, (1 + ǫ)

√
10 log K0

)
=

K0
ǫ

1 + 1+ǫ√
10

log K0

(31)

a
(
K0, (1 − ǫ)

√
10 log K0

)
=

K0
−ǫ

1 + 1−ǫ√
10

log K0

(32)

Note that a
(
K0, (1 + ǫ)

√
10 log K0

)
→ 0 and

a
(
K0, (1 − ǫ)

√
10 log K0

)
→ +∞ as K0 → +∞.

Therefore, using (29) and combining it with
(31) and (32) respectively, we obtain that
P

(
max1≤k≤K0

SINR
(0)
k ≥ (1 + ǫ)

√
10 log K0

)
→ 0

andP
(
max1≤k≤K0

SINR
(0)
k ≥ (1 − ǫ)

√
10 log K0

)
→

1 asK0 → +∞. Consideringǫ → 0 yields the result.
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